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Do we need the wavefunction?

REVIEWS OF MODERN PHYSICS VOLUME 32, NUMBER 2 APRIL, 1960

Present State of Molecular Structure Calculations™

C. A. CouLsoN
M athematical Institute, Oxford, England

(6) One of the most vigorously pursued lines of
research during the last few years has been the density
matrix. It has frequently been pointed out that a con-
ventional many-electron wave function tells us more
than we need to know. All the necessary information
required for the energy and for calculating the proper-
ties of molecules is embodied in the first- and second-
order density matrices. These may, of course, be ob-
tained from the wave function by a process of inte-
gration. But this is aesthetically unpleasing, and so
attempts have been made, by Lowdin, McWeeny, and
others, to work directly with these matrices. There is
an instinctive feeling that matters such as electron-
correlation should show up in the two-particle density
matrix. But here we are confronted by a serious lack
of success. We do know the conditions that must
be satisied by the many-electron wave function
¥v(1,2,---n), but we still do not know the conditions
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Maximum information which is available about 1 particles, irrespective of the state
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Any n-particle observable computable via n-particle reduced density matrix
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1-Particle Reduced Density Matrix

1-RDM: pll = N (w\cllcjl\w)

Example: free fermions

i L sin (ZX]i— i)
Y NL sin(Fli—ji)

Integrate out

—L/2

L/2

momentum distribution




2-Particle Reduced Density Matrix
B A2QQTQE T

212 _ (N —2)3
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2-Particle Reduced Density Matrix
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Particle Partition Entanglement

Non-classical information encoded non-locally in the n-particle state of a system
quantified by von Neumann entropy of the n-RDM:

S(n)=—1Trpplnpn

H. Radhakrishnan, M. Thamm, H. Barghathi, B. Rosenow, AD, arXiv:2302.09093
M. Thamm, H. Radhakrishnan, H. Barghathi, B. Rosenow, AD, arXiv:2206.11301
H. Barghathi, C. Usadi, M. Beck, AD, Phys. Rev. B, 105 (2021)
H. Barghathi, E. Casiano-Diaz, and AD, JSTAT. 2017, 083108 (2017)
C. Herdman and A.D., Phys. Rev. B, 91, 184507 (2015)

| M. Hague, 0. 5. /0zUlya, and K. Schoutens, J. Phys. A 42, 504012 (2009)
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Non-classical information encoded non-locally in the n-particle state of a system
quantified by von Neumann entropy of the n-RDM:

S(n)=—1Trpplnpn

Distinct/complementary to conventionally
measured mode entanglement

e N0 iImposed external length scale

e independent of modes

e strongly dependent on interactions

e sensitive to particle statistics at leading
order!
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H. Barghathi, E. Casiano-Diaz, and AD, JSTAT. 2017/, 083108 (2017)
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Lots to Learn About Particle Entanglement

monatonicity:  S(on) < S(Pn+1) forl<n<N/2—1

| S(pn)

reflection: S(on) = S(on=n)

free fermions

concavity: S(on) = [S(on+1) + S(on-1)1/2 K . N

n

bounds InN <5(p1) <InL
for fermions: 25(p1)—S(p2) = 1n2—In(1—e>®1)

E. A. Carlen, E. H. Lieb, and R. Reuvers, Commun. Math. Phys. 344, 655 (2016)
M. Lemm, arXiv:1702.02360
W Radhakrishnan, M. Thamm, H. Barghathi, B. Rosenow, AD, arXiv:2302.09093 4
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2 Can a system of interacting fermions be
less entangled than free fermions?

E. A. Carlen, E. H. Lieb, and R. Reuvers, Commun. Math. Phys. 344, 655 (2016)
M. Lemm, arXiv:1702.02360
W Radhakrishnan, M. Thamm, H. Barghathi, B. Rosenow, AD, arXiv:2302.09093



How can we compute h-RDMs
for finite sized strongly
interacting Fermi systems?




Tomonaga-Luttinger Model

Interacting fermions in 1D with forward scattering and a linearized dispersion

H=—% dx WT(x)V2W(x) + f dx” f dx o(x")V(x" = x)o(x) 0(x) =¥T(x)¥(x)

E
Exr+k — Ekg = VEK

S. Tomonaga, Prog. Theor. Phys. 5,544 (1950)

J. M. Luttinger, J Math Phys. 4, 1154 (1963)

D C. Mattis and E. H. Lieb, J Math. Phys. 6, 504 (1965)
LF' D M. Haldane, Phys Rev Lett 47 1840 (1981)



Tomonaga-Luttinger Model

Interacting fermions in 1D with forward scattering and a linearized dispersion

H=—% dx WT(x)V2W(x) + f dx” f dx o(x")V(x" = x)o(x) 0(x) =¥T(x)¥(x)

E

Eke+k — Eke = VFK Exactly solvable via bosonization!

W(x) = e XY, (x) + e KFXPr(x)

Wo(Xx) = Xa e!(o, at o 2% Na) g—i¢a(X)
V21N ,
N a e
Qa(X) = — + ——3xPa(X) exl:?(?snoenn;ilsrde

L 2Tl

S. Tomonaga, Prog. Theor. Phys. 5,544 (1950)
J. M. Luttinger, J Math Phys. 4, 1154 (1963)
D C. Mattis and E. H. Lieb, J Math. Phys. 6, 504 (1965)
D M. Haldane, Phys Rev Lett 47,1840 (1987) J.von Delft, H. Schoeller, Ann. Phys. 7 225, (1998)J
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Constructive Bosonization

Pa(X)=— ) 27 o /2] e@Xpoq + €7Xpt | €= mode decomposition
o \ aq aq D

g>0 qL
v

H="[wo(q)+m(q)]blb, + = Zgz(q)(b b_, +blbl )
q#0

- _
=z.m.+ ), v\q\cfr a, = H=—— | dx|—(3x¢)* + K(3x6)*
G20 2T K :

Can compute any fermonic correlation function via Bose-cumulant formula

(£{(9a()=9a(0))) = g2 ((Pa(x)=4a(0))?)

well known, see, e.q. Giamarchi Appendix C VL. S Dotsenko and V. A. Fateev, Nucl. Phys. B 240, 312 (1984) or Tsvelik Chap. 26-27

—4 ¥ ic;[[-AiA; K—B, B, K |Fi(r,—7;)+[A. By + B, A; | Fa (1, —1,)] (C.38) (A1) -+ A(4)) = (

7127 4A
— ) G(x,%) (26.30)

£12414423434
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Finite size L, periodic boundary conditions
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2-Particle Density Matrix: Bosonization

(W OWE W (x )V, (x,))
(WEOGWEC W, (x)¥5(x,)

<tIJfo(x’2)lIJ;(x’l)lIJB(xl)tlJa(xz)> »

p2(x%, X7, X2, x1) = (WT(X)WT (X)W (x1)¥(x2))

Finite size L, periodic boundary conditions

- 6 surviving terms

de(x) = = sin[ F(x + i€)]

he(X,y) = de(X)de(y)

2
he(0, 0)he(x,—x7, X2—X1) !

1
W(x1...XyN)
coS(kr(XL+x!—x>—x1)) [ ho(x,—x’,x>2—x1)
(WHO )W (X)W(x1)¥(x2)) = — , A ;
21 | ho(x5—x2, x7—x1)ho(X5—x1, X]—Xx2) _
. cos (kF(x’z—x’l—xz +x1)) [ 1 he<(0, 0)
2 112 | ho(x5—x2, x7—x1) || he(X5—X2, X]—X1)
CcoS (I<F(x’2—x’1+xz—x1)) I 1 he (0, 0)
2 112 | ho(x5—x1, x7—Xx2) || he(X5—X1, X]—X2)
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.Y2

A
he (X} —x7, X2—X1)
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he(xlz—xllf X2—X1)

he(x3—X2, X7 —X1)



y

2-Particle Density Matrix: Bosonization

(W OWE W (x )V, (x,))
(WEOGWEC W, (x)¥5(x,)

<tIJfo(x’2)lIJ;(x’l)lIJB(xl)tlJa(xz)> »

p2(x%, X7, X2, x1) = (WT(X)WT (X)W (x1)¥(x2))

Finite size L, periodic boundary conditions

- 6 surviving terms

de(x) = = sin[ F(x + i€)]

he(X,y) = de(X)de(y)

2
he(0, 0)he(x,—x7, X2—X1) !

1
W(x1...XyN)
coS(kr(XL+x!—x>—x1)) [ ho(x,—x’,x>2—x1)
(WHO )W (X)W(x1)¥(x2)) = — , A ;
21 | ho(x5—x2, x7—x1)ho(X5—x1, X]—Xx2) _
. cos (kF(x’z—x’l—xz +x1)) [ 1 he<(0, 0)
2 112 | ho(x5—x2, x7—x1) || he(X5—X2, X]—X1)
CcoS (I<F(x’2—x’1+xz—x1)) I 1 he (0, 0)
2 112 | ho(x5—x1, x7—Xx2) || he(X5—X1, X]—X2)

he(X5—X2, x]—X1)he(X5—X1, X7—X2)

.Y2

.Y2

A
he (X} —x7, X2—X1)

he(x3—xX1, X7 —X2)

he(xlz—xllf X2—X1)

he(x3—X2, X7 —X1)



y

2-Particle Density Matrix: Bosonization

(W OWE W (x )V, (x,))
(WEOGWEC W, (x)¥5(x,)

<tIJfo(x’2)lIJ;(x’l)lIJB(xl)tlJa(xz)> »

p2(x%, X7, X2, x1) = (WT(X)WT (X)W (x1)¥(x2))

Finite size L, periodic boundary conditions

- 6 surviving terms

de(x) = = sin[ F(x + i€)]

he(X,y) = de(X)de(y)

2
he(0, 0)he(x,—x7, X2—X1) !

1
W(x1...XyN)
coS(kr(XL+x!—x>—x1)) [ ho(x,—x’,x>2—x1)
(WHO )W (X)W(x1)¥(x2)) = — , A ;
21 | ho(x5—x2, x7—x1)ho(X5—x1, X]—Xx2) _
. cos (kF(x’z—x’l—xz +x1)) [ 1 he<(0, 0)
2 112 | ho(x5—x2, x7—x1) || he(X5—X2, X]—X1)
CcoS (I<F(x’2—x’1+xz—x1)) I 1 he (0, 0)
2 112 | ho(x5—x1, x7—Xx2) || he(X5—X1, X]—X2)

he(X5—X2, x]—X1)he(X5—X1, X7—X2)

.Y2

.Y2

he(X5—x7, X2—X1) ’ %
he(X5—X1, X7 —X2) new!
\ &

he(xlz—xllf X2—X1)

he(x3—X2, X7 —X1)



2-RDM: Interaction Exponents

repulsive attractive

1
1J
-
c

c O
O
>
L)

—1

1/2 2/3 1 10
K
P20X5, X1, X1, X2)| k=1 = (WX )W(x2)) o (WT(XIW(x1)) o — (WTOX)W(x1)) o (W (X)W (X2))o
’Y — A=




2-RDM: Interaction Exponents

repulsive attractive
1 y2 appears in 1-RDM
in(mie/L) Y2
SIN(TTLE
"E p1(x7, x;) = p1,Fr(X], X, ) de(X, —x;)
0,
-
@) O M. A. Cazalilla, Phys Rev Lett 97, 156403 (2006).
O M. Thamm, H. Radhakrishnan, H. Barghathi, B. Rosenow,
>< AD, Phys. Rev. B 106, 165116 (2022)
LL]
—1

1/2 2/3 1 10
K
pz(X’z,X’l,xl,Xz)| a1 = (WX )W(x2)) o (WT(XIW(x1)) o — (WTOX)W(x1)) o (W (X)W (X2))o
Y2=A= Y



2-RDM: Interaction Exponents

repulsive attractive
1 y2 appears in 1-RDM
N , | sin(mie/n) |”
% p1(x7, X)) = p1,rr(X7, X,) e (X, —x1)
C \
@) O M. A. Cazalilla, Phys Rev Lett 97, 156403 (2006).
O M. Thamm, H. Radhakrishnan, H. Barghathi, B. Rosenow,
>< AD, Phys. Rev. B 106, 165116 (2022)
LL]
1 Explore interaction
effects related to A
1/2 2/3 1 10
K
P2(x%, X4, X1, ><z)| a1 = (W)W (x2)) o (WT (X W(x1))o — (WT(X)W(x1))o (W (x]IW(x2))o
Y2=A= >



2-RDM: Coordinates & Structure

— (wt T
P2(X5, X1, X2, X1) = (WTOQW (XIVOW(X2))  sr=R’+R=1(x,+X, +x,+x,) = CONst.

AR =R’—R = 3(x} + X} —x2 — x1)



2-RDM: Coordinates & Structure

pZ(Xlzrxlererl) — (LUT(X/Z)LUT(X/l)UJ(Xl)w(Xz)) YR=R’"4+R = %(X’z + X/l + X, + Xl) = const.
K = 8/5 (attractive) 1 AR? 42 4 2 _ const. AR=R'—R= %(XIZ T Xll — X2 —X1)
10
5
AR ©
-5
10
A0
+ 24 % 10
c;\-fr 5 5 0 4(
7\ 10 7 Py
N O 1.



2-RDM: Coordinates & Structure

— (Wt T
P2(X5, X1, X2, X1) = (WTOQW (XIVOW(X2))  sr=R’+R=1(x,+X, +x,+x,) = CONst.

K = 8/5 (attractive) ! AR2+r2+"2=con5t AR=R"—R = %(Xlz +X’1—X2—X1)
10 |
. Features: intersections of 4
hyperplanes
AR ©

r_|_ — :IZAR AR

-5
| R —

10

A0
+ >4 5 10
7 Q 10 2 *q >




2-RDM: Interaction Effects

02(X5, X7, X2, X1) — p2,rr(X5, X7, X2, X1)

Explore: cut // to x1-x1=0

e |Intersections w/ 3 other
planes
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planes

e Strong signals of clustering /
pairing




2-RDM: Interaction Effects

02(X5, X7, X2, X1) — p2,rr(X5, X7, X2, X1)

Explore: cut // to x1-x1=0

e |Intersections w/ 3 other
planes

e Strong signals of clustering /
pairing

e Observe negative copy of
diagonal elements (due to
antisymmetrization)




2-RDM: Diagonal Elements

lim p2(x3, X7, X2, X1)
X1—>X1

2" "1




2-RDM: Diagonal Elements

lim p2(x%, X%, X2, x1)
X! —X1 2 1
1

Density-Density correlations

- - 2
im  lim p2(x5, x7, x5, X,) = p592(x2, X1)

X’—)X X’—>X
2 A2 21T =(@(X2)@(x1))—p05(X1—X2)

—10 0 10
X! — x>



2-RDM: Diagonal Elements

lim p2(x%, X%, X2, x1)
X! —X1 2 1
1

Density-Density correlations

- - 2
lim lim pz(x’z,x’l,xz, X,) = py92(x2, X1)

X’—)X X’—>X
27 241 = (0(x2)0(x1)) — pod(x1 — x2)

-- Haldane

1.000

0.995

g2(x1, X2)

0.990

0.985
0 10 20 30 40




A Finite Size LL Expression for the 2-RDM
A theoretical playground for probing 3

/

interaction effects in the quantum liquid regime of |

a 1D interacting system (e.g. deviation from Wick'’s
theorem, pairing signatures, ...)

Open Questions & Future Prospects

o Particle entanglement: DMRG results hint
at the possibility of universal scaling with N.

e Use p; to probe the Carlen-Lieb-Reuvers
conjecture.
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