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● Ground state energies (electron gas, He4):
iterated backflow, neural network wave functions

● Energy gaps (insulators):
single particle excitations (charged gap)
particle-hole excitations (neutral gap)

● Fermi liquid properties (metals):
momentum distribution
renormalization factor Z
effective mass m*



  

Trial wave functions: Many-body correlations (U
n
 with n>2)Trial wave functions: Many-body correlations (U

n
 with n>2)

Analytical forms/ efficient calculations:

 Most general 3body form

 Local energy method suggests

 Introduce generalized vector/tensor forms  

M.H., Bernu, Ceperley, Phys. Rev. B 74, 104510 (2006)

“backflow vector”

“backflow tensor”

 n-body correlations must be scalars:

1D functions to be optimized

● easily automatized
● Chain rules for derivatives
● 1D function per vector/tensor
● Computational cost remains ~ N2 

n-body backflow

Variational principle for ground state energies:



  

Backflow network from path integral methodBackflow network from path integral method

Perform integration of hidden layers approximately

Backflow network

by expanding U around some (arbitrary) point Q

choose Q at the center of the gaussian (small τ ≡ large λ) 

=> implicit determination of Q by

and iterate…..

exponential convergence
for “smooth” potentials...

fermionic determinants
are not smooth….

Ruggeri, Moroni, M.H., Phys. Rev. Lett. 120, 205302 (2018). 



  

Neural network based wave functions:
WAP-net

Neural network based wave functions:
WAP-net

M. Wilson, S. Moroni, M. H., N. Gao, F. Wudarski, T. Vegge, A. Bhowmik
Phys. Rev. B 107, 235139 (2023).



  



  

Application of iterated backflow renormalization:
Polarization (Stoner) transition in the HEG?

M.H. and S. Moroni, Phys. Rev. Lett. 124, 206404 (2020)

Many-body correlations in the low
Density region can be accurately 
Extrapolated by iterative backflow

Wigner crystalization
sets in before 
Polarization transition



  

● Electronic systems:
itinerant ferromagnetism: correlations + band structure

● different isotropic systems with spin-independent ?
(ultracold atoms/ molecules) 

Does a Stoner transition occur in nature?Does a Stoner transition occur in nature?

 Change scattering length a
s
→∞ ?

=> difficulties/controversals due to 2-body bound state leading to instability!

 Dipolar interactions (heteronuclear molecules, Rydberg atoms)?
=> no polarization transition in 2D before freezing  

T. Comparin, R. Bombin, M. H., F. Mazzanti, J. Boronat, and S. Giorgini, 
Phys. Rev. A 99, 043609 (2019)

Conjecture:
For an isotropic normal Fermi liquid with
spin-independent isotropic interactions
the ground state remains unpolarized up to freezing.



  

Liquid/solid He4 at T=0

● Hamiltonian for He4 atoms interacting
via Aziz pair potential 

Ruggeri, Moroni, M.H., Phys. Rev. Lett. 120, 205302 (2018). 

● Iterated backflow describes liquid-solid transition with translational invariant wavefunctions

● Benchmark of MPNN (graph) network 
in 2D



  

Liquid/solid He4 at T=0:
Going into the (forbidden) mixture region

An old question: Is there a phase with hexatic order?

N likely too small to be conclusive….

D. Linteau, G. Pescia, J. Nys, G. Carleo, M. H. (in preparation) 



  

Excitation spectra of insulators (I):
single-particle (charge) excitation gap
Excitation spectra of insulators (I):
single-particle (charge) excitation gap

(fundamental gap) 

contains  only ground state energies (variational)

● Impose twisted boundary conditions on wave functions

● consider perfect crystal with fixed number N
P
 of ions

add and substract electrons N=…, N
P
-1, N

P
, N

P
+1,… (+ background charge)

(“grand-canonical” N vs µ)

Y. Yang, V. Gorelov, C. Pierleoni, D. Ceperley, M. H., Phys. Rev. B 101, 085115 (2020)

● Can be extended to include nuclear quantum/thermal motion (phonons)

V. Gorelov, D. M. Ceperley, M. H., C. Pierleoni, J. Chem. Phys. 153, 234117 (2020);

From ground states to excitations…..
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● Coulomb size effects

● Size effects for gap:

● General



  

Excitation spectra of insulators (II):
paricle-hole (neutral) excitation gap
Excitation spectra of insulators (II):
paricle-hole (neutral) excitation gap

Gorelov, Yang, Ruggeri, Ceperley, Pierleoni, M.H. Condens. Matter Phys. 26, 33701 (2023); cond-mat/2303.17944.

Size effects depend on localized/extended character 

● Localized e-h excitation (exciton): 

● extended e-h excitation (inter-band transitions): 

Localization of e-h pairs 
needs supercells larger to localization length 

Excitonic size effects can be estimated based on
dielectric constant and effective band mass 



  

Hydrogen: Phase I (hcp):
electronic gap from QMC vs experiment
Hydrogen: Phase I (hcp):
electronic gap from QMC vs experiment

V. Gorelov, M.H., D. M. Ceperley, C. Pierleoni, Phys. Rev. B 109, L241111

B. Li, Y. Ding, D. Y. Kim, L. Wang, T.-C. Weng,
W. Yang, Z. Yu, C. Ji, J. Wang, J. Shu, J. Chen, K. Yang,
Y. Xiao, P. Chow, G. Shen, W. L. Mao, H.-K. Mao,
Probing the Electronic Band Gap of Solid Hydrogen by
Inelastic X-Ray Scattering up to 90 GPa, 
Physical Review Letters 126, 36402 (2021).

Experimental results from 
inelastic X-ray scattering:

Gap from lower limit of photon
energy loss spectra



  

250 300 350 400 450 500
P (GPa)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

 (e
V)

C2/c-24 direct
C2/c-24 indirect
Cmca-12 direct
Cmca-12 indirect
100K Loubeyre
100K Loubeyre(Tauc)
300K Howie(Tauc)

P. Loubeyre, F. Occelli , P. Dumas,
 PRL 129, 035501 (2022)

V. Gorelov, M. Holzmann, D. Ceperley, 
C. Pierleoni, PRL 124, 116401 (2020)

High pressure hydrogen:
Insulator-metal transition

High pressure hydrogen:
Insulator-metal transition

● Characterize insulator:
spectral (optical) properties, gaps,...



  



  



  



  



  



  



  



  

Effective mass m*  Effective mass m*  

● Controversy:
VdiagMC,K. Haule and K. Chen,
Scientific Reports 12, 2294 (2022)
vs QMC study by
Azadi, Drummond, Foulkes
PRL 127, 086401 (2021)

● However:
QMC based on assumptions
for Landau energy functional
VdiagMC based on Green’s function



  



  



  



  



  

Static self-energy Static self-energy 

M.H., F. Calcavecchia, D.M. Ceperley, V. Olevano, PRL 131, 186501 (2023) (2023)  



  

Size corrections (analytic): Size corrections (analytic): 

M. H., B. Bernu, D. Ceperley, J. Phys.: Conf. Ser. 321 012020 (2011), cond-mat/1105.2964.

Exact (beyond RPA) leading order finite size corrections (based on Ward identities): 

Leading order size corrections from Coulomb singularity (q⟶0) 

q→0



  

Summary - Conclusions:Summary - Conclusions:

Improvement of ground state wave functions:
iterated backflow, machine learned network ansätze...

He4 solid-liquid, solid-hexatic-liquid?
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