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Mixtures of Bose gases: two independent condensates 
First realization in 1997 and 2002 

• Peculiar platform realized with ultracold atoms. Analogies with multiband 
superconductors (MgB2 - iron-based SC’s - layered cuprates).                              
In Bose mixtures U(1)xU(1) is broken while in SC’s only overall U(1) 

• Main new features 
• Two Goldstone modes (density and spin waves). Mass and spin superfluidity. 

Dissipationless superfluid drag 
• Repulsive mixtures =====> magnetic phenomena 
• Attractive mixtures ======> gas-liquid condensation

homonuclear (87Rb - 87Rb) heteronuclear (87Rb - 41K)



Simple mean-field theory (T=0) 

Miscible mixture: compressibility matrix must be positive definite
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a) g12>0 ====> phase separation: ferromagnetism with finite polarization 

b) g12<0 ====> mean-field collapse (beyond mean-field effects play role) 

if  g11g22 − g12
2 < 0



From Baroni et al. review paper

g12>0g12<0
Repulsive branch: magnetic analogy

 
 in plane angle 

 axial field - detuning 
 trans. field - coherent coupling 

  ferro-interaction

Z = (n↑ − n↓)/n = S3/n
ϕ = arctan(S2 /S1)
B3
B1
|α | = g − g12



Experiments at very low temperatures ( ) 
Quantum phase transition

T ≃ 0

Oberthaler’s group Heidelberg 2010 

Ferrari’s group Trento 2023 

Also false vacuum decay 
(Nature Physics 2024)



Attractive Bose mixtures and formation of quantum droplets    
two hyperfine states of 39K (LENS + ICFO) + theory (Petrov 2015) 

• Mean-field term would lead to collapse 

• Repulsive beyond mean-field quantum fluctuations stabilise system
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Two experimental realisations with 39K in 2017

After being released the cloud 
• expands (gas) 
• shrinks (collapse) 
• remains stable (liquid)



Thermal effects on phase separation and gas-liquid transition? 

Finite-T Beliaev theory 
(Ota et al. PRL 2019) 
T<T* m=0 (mixed state) 
T>T* m>0 (FM state) 
T>TM minimum at m>0 

Repulsive mixtures:  
perturbation methods predict FM transition if  (T=0 miscible region)g12 < g

Attractive mixtures:  
Perturbation methods fail to describe gas-liquid equilibrium 

T*
TM

At T=0 theory (Petrov PRL 2015) 
Energy functional: mean field + LHY 
But density modes have imaginary speed  
of sound —-> no TD!



Use Path-Integral Monte-Carlo: Microscopic Hamiltonian 

PIMC calculates exact partition function using convolution and high-
temperature expansion + worm algorithm to sample permutations

N1=N2 balanced mixture 
v(r) HS potential 
v12(r) contact potential a12<0



Repulsive mixtures: free energy in PIMC

F = − PV + μN
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independent of temperature 
phase separation occurs as at T=0



Attractive mixtures: gas-liquid coexistence

Isothermal lines 
At the tricritical point coexistence  
region vanishes

• BEC transition is first order 
• BEC transition is second order 
First-order transition line  
terminates at tricritical point
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Topology of phase diagram (Son, Stephanov, Yee (2021) for single component)

Phase diagram of 4He

standard  
ultracold gases

superfluid  
helium

Attractive mixtures



Quantum droplets in 2D 

Droplet size grows or shrinks 
but density remains constant 
(saturation density of liquid) 

Densities can be easily achieved  
in experiments  
(see Dalibard’s group 2018-21) 

N ∼ 16000



Comparison of equilibrium states: gas vs gas-liquid coexistence

In the gas phase 
cluster evaporates 

In the coexistence  
region liquid droplet  
in equilibrium with  
gas



Comparison with pure 2D model

2D coupling constant 
(Petrov, Holzmann, Shlyapnikov PRL 2000)

Logarithmic term breaks scaling invariance 
(quantum anomaly)



Superfluid transition is discontinuous

BKT transition 
(Prokof’ev, Ruebenacker & Svistunov 2001)

 in the gas phase and 
 in the liquid phase 

Large finite size effects  
in the coexistence region

ρS = 0
ρS ≠ 0



Conclusions 

• Bose mixture: rich platform to study the interplay 
between quantum degeneracy, magnetism and 
interactions 

• Attractive mixtures: gas-liquid coexistence, novel phase 
diagram with discontinuous superfluid transition 

• 2D quantum droplets do not require high densities and 
are easier to observe
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• Implement calculation of chemical potential in PIMC        
(Herdman et al. PRB 2014) 

 

• Develop PIMC for mixtures

μ(N, T ) = − kBT log
ZN+1

ZN

Two-component chemical potentials 
• Dependence on polarization at fixed T  
             p=(N1-N2)/(N1+N2)  
• Comparison with HF and Popov theory

na3=10-6

If  no crossing of  
and  at finite polarization

g12 < g μ1
μ2


