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Microscopic Many-Body Theory

Hamiltonian, wave functions, observables

@ Hamiltonian H= -}, %V? + > Vext(i) + Zi<j V(i, j)

@ Particle number, mass, interactions, statistics

Interested in real-world systems such as
o Electrons
o Quantum Fluids (*He and “He)
@ Nuclear systems with all the nastiness of the interactions

We want a “robust” method that is independent of the interactions
We not only want the right answer but also the underlying physical
mechanisms

Generica The questions we ask
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A close look

o Low densities: Pauli pressure
dominates — repulsive Fermi gas
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The equation of state of a self-bound Fermi

A close look

o Low densities: Pauli pressure

dominates — repulsive Fermi gas

e Spinodal instabilities

@ No homogeneous solution —
clustering

e Many-body binding

@ Saturation
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The equation of state of a self-bound Fermi system

A close look

o Low densities: Pauli pressure
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The equation of state of a self-bound Fermi system

A close look

o Low densities: Pauli pressure
dominates — repulsive Fermi gas

Schematic equation of state of a self-bound Fermi Fluid

e Spinodal instabilities

e No homogeneous solution —
clustering :

EN(kg) (arb
Jep(kp)

e Many-body binding

@ Saturation o by i

@ Other phase transitions ?

The equation of state is a non-analytic function of
the coupling constant in the grey-shaded area

Order-by-order perturbation theory does not work !

Equation of state



Simple interactions for Bosons

‘He, a-matter...

V= ZV(!Ti —13])

i<j

Optimized Variational Method (Feenberg 1969)
o Wave function Wo(1,...N) = T, f([ri — 1j[) .

e Hypernetted Chain summations
0 (Wo|H|Wo)

e Optimization =

of(r) <\U0‘\|!0>

Local Parquet Diagram Summations (Jackson Lande Smith 1983)

e Sum all rings and ladders self-consistently

e Local Approximations

These meet the above requirements
and lead to the same set of equations !
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Simple interactions for Fermions

3He, electrons
V=Y Vil -5
i<j

Optimized Variational Method (Feenberg 1969)

o Wave function Wo(1,...N) = [ f(|ri — 1j[) ®o(1,...N).
o Fermi-Hypernetted Chain summations
5 (WolH[va)

o Optimization

St(r) (Wo|wo)

Local Parquet Diagram Summations (Jackson Lande Smith 1983)

@ Sum all rings and ladders self-consistently

e Local Approximations

These meet the above requirements
Equivalence establisted for ladders, rings, and self-
energy insertions

Generica Simple systems



Localization procedure

o Bethe Goldstone ladders k0, ko;
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Localization procedure

o Bethe Goldstone ladders

o Add induced interaction
W(q,w)

. _ \N/p_h(Q)
W(q,w) = 1 — xo(q,w)Vp—n(q)
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Localization procedure

o Bethe Goldstone ladders

o Add induced interaction
W(q,w), calculate S(q)

. _ \N/p_h(Q)
W(q,w) = 1 — xo(q,w)Vp-n(q)
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Localization procedure

o Bethe Goldstone ladders k0, k0;

o Add induced interaction
W(q,w), calculate S(q)

e Energy independent induced
interaction

. _ \N/p_h(Q)
W(q,w) = 1 — xo(q,w)Vp-n(q)

S(q) = — /Ooo ?%m [XO((LW) + x0(a, w)W(a, w)}

Lo [T T m [v(aw) + )W)
0

Generica Ladders



The problem of nuclear systems

.. where Pandora’s box opens

(Non-relativistic) nuclear Hamiltonian:
h? .
H=-3  -Vi+ Zvext (1) + > V(i J)
i i<j

V(i,j) = ZV r)Oq (i, j)

Operator Basis

o e A 100
0:1(1,j;t) = O, =1,
03(1,j;t) = o0y, _ *
05(1,;;) = S(i,j; t) i 0

= 3(oi-t)(oj-T) — 0oy 0j 50

O:(i,jif) = L-S L

. e A o oA 0.0 0.5 1.0 15 20 25 3.0 35 4.0

OQn(le; I‘) = OQn—l(l,J; I')Ti STy © (fm)
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The problem of nuclear systems

.. where Pandora’s box opens

(Non-relativistic) nuclear Hamiltonian:

H=- Zivz‘FZVext )"’Z\/\/(lu])

= Z Va(r)Pa(le)

Interactions in projector basis

Projector Basis

100 S - projection
. Toprofcton
PS = 1(1—0'10'2) 0 v
1 X
Piy = Z(B3+01-02+Sn(f)) 5
1 X -50
P, = T (34 o1 - 2 — 2S12(1)) 10 :
07 _ LS A "t m) S

Realistic nuclear interactions



Dealing with realistic nuclear interactions

A plausible generalization of Jastrow-Feenberg

N
v = [H ]q’o = Fn®o,
W
Correlation functions:
f(1,5) = > falri) Oali,i),
a=1
Pair distribution functions:
i) = Y galriy) Oali, i),
a=1

With
(VAP S e~ 0137

Prgallr —1']) = P
ﬁTrIQ Oa(l, 2)<\UO ’WO >

Realistic nuclear interactions



The problem of variational wave functions

A technical nuiscance ?

With symmetrization, the pair distribution functions have the form

=3 LEOFY ). {a,8,7) € {8, T4, Te}

The coefficients FZ ) ) are not diagonal in the indices «, 3,
There is no systematlc way to calculate these to infinite order.
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The problem of variational wave functions

A technical nuiscance ?

With symmetrization, the pair distribution functions have the form

=3 LEOFY ). {a,8,7) € {8, T4, Te}

The coefficients FZ ) ) are not diagonal in the indices «, 3,
There is no systematlc way to calculate these to infinite order.

100 - 1.6 —
S - projection ——— S - projection
- projection ——— 14 | T, - projection
T - projection y T. - projection
50 LS 12
= 10t
2 a
; 0 :5 0.8 |
= 06 -
-50 0.4 |
02
-100 0.0
0.0 05 1.0 5 20 25 30 35 40 00 05 1.0 15 20 25 30 35 40

r (fm) r (fm)

Spin-singlet correlation functions fgnglet (r3j) contribute to the
spin-triplet distribution function ggipiet(rij) and vice versa !

Realistic nuclear interactions



The problem of variational wave functions

How to deal with the problem

Options:

@ Ignore the problem
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The problem of variational wave functions

How to deal with the problem

Options:
@ Ignore the problem
@ The problem is an artefact of the “Symmetrized Operator
Product” wave function:

Parquet diagram summations (Smith & Jackson 1988) do not lead
to such effects.
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The problem of variational wave functions

How to deal with the problem

Options:
@ Ignore the problem

@ The problem is an artefact of the “Symmetrized Operator
Product” wave function:
Parquet diagram summations (Smith & Jackson 1988) do not lead
to such effects.

@ There is physics to be learned !

Realistic nuclear interactions



Beyond Parquet

Beyond the Bethe Goldstone equation

Assume a simple interaction Calculate Goldstone diagrams

Wa) = Ve(q)+ Vo(a)oi - o
= %5(q)Ps + ¥1(q)PT
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Beyond Parquet

Beyond the Bethe Goldstone equation

Assume a simple interaction Calculate Goldstone diagrams

Wa) = Ve(q)+ Vo(a)oi - o
= %5(q)Ps + ¥1(q)PT

e First diagram: Ordinary Bethe-Goldstone ladder

-/ = oy sVl @Ps + Vr()Va — )Pl

~
3

=
e
3!

direct term
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Beyond Parquet

Beyond the Bethe Goldstone equation

Assume a simple interaction Calculate Goldstone diagrams

Wa) = Ve(q)+ Vo(a)oi - o
= %5(q)Ps + ¥1(q)PT

e First diagram: Ordinary Bethe-Goldstone ladder
@ Second diagram: Ladder with an induced interaction

d3q 1
L VWLl Py Ve Wilk— P

direct term
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Beyond Parquet

Beyond the Bethe Goldstone equation

Assume a simple interaction Calculate Goldstone diagrams

. ke ko)
Kol .
)
g [3
\/
Kol
ko, ko) 4
ko, Ko

e First diagram: Ordinary Bethe-Goldstone ladder
@ Second diagram: Ladder with an induced interaction
e Not parquet but the same ingredients

Wa) = Ve(q)+ Vo(a)oi - o
= %5(q)Ps + ¥1(q)PT

d3q 1
L VWLl Py Ve Wilk— P

direct term

dq 1
+4./ Wm%(q)w”(k — q)(Pr — 3Pg)

commutator

Realistic nuclear interactions
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Parquet: Supplement in Bethe-Goldstone equation

V(r) = V(r) + Vi(r) + Wi(r)
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Beyond Parquet

Instead of equations

Sum these:

vy =

+ Tonosd
N

Parquet: Supplement in Bethe-Goldstone equation

V(r) = V(r) + Vi(r) + Wi(r)

Reid vy interaction, kg = 0.5 fm”!

Reid vg interaction, kp = 0.5 fm Reid vy interaction, kg, = 0.5 fn’!
100 50 50
W —— Vi
Vst —— Vst ——
W:Sb(” _ 25 WIIT—)(” 25
— Z
2
_— e 0
B
-25 -25
-100
-150 -50 -50
0.0 05 1.0 1.5 20 25 3.0 0.0 0.5 10 15 20 25 30 0.0 0.5 1.0 1.5 20 25
r [fm] r [fm]

© [fm]

d Parquet




Beyond Parquet

Instead of equations

Sum these:

Parquet: Supplement in Bethe-Goldstone equation

V(r) = V(r) + Vi(r) + Wi(r)

Reid vy interaction, kg = 0.5 fm”!

Reid vg interaction, kp = 0.5 fm Reid vy interaction, kg, = 0.5 fn’!
100 50 50
W —— Vi
s0 1\ Vs —— Vs ——
\ W::b(” _ 25 ""l"”(” _ 25
B \ P B z
2 0 =4 4 2
= g ° N g ¢
2 50 B 7 E 7L_/>f
B i =
25 ¢ 25
-100
-150 50 50
1.0 1.5 20 25 3.0 0.0 0.5 10 15 20 25 30 0.0 0.5 1.0 1.5 20 25 30
r [fm]

00 05
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’Non—parquet contributions are larger than all other many-body effects

Beyond Parquet
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Beyond Parquet

Instead of equations

Sum these:

V|=M+
Nad

Parquet: Supplement in Bethe-Goldstone equation

i}

V(r) = V(r) + Vi(r) + Wi(r)

Reid vg interaction, kg = 1.0 fm™!

Reid v interaction, k = 1.0 fm"

Reid v interaction, k. = 1.0 fn”"
100 - 50 50
V¥ VP —— V™
5 Ve —— Ve —— Vi,
\ Wi —— _» W —— o W ——
= \ = z
2 o 2 2
2 \_ 2 = ~
= = 01/ g ©° =
c £ I — £
) o | £
ES b & [
25 25
-100
-150 -0 -50
00 05 10 15 20 25 30 00 05 10 15 20 25 30 00 05 10 15 20 25 30
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’Non—parquet contributions are larger than all other many-body effects

Beyond Parquet




Rings

Without spin-orbit forces

Unit Q; = 1, “Longitudinal” Q3 = (o1 - §)(o2 - §) and
“Transverse” operators Qs = o102 — (o1 - q)(o2 - 4)
Effective interactions:

R (q) A
AACY W) = _
) = 2, o )fﬂ( e
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Rings

With spin-orbit forces

Unit Q; = 1, “Longitudinal” Q3 = (o1 - §)(o2 - §) and
“Transverse” operators Qs = o102 — (o1 - q)(o2 - 4)
Effective interactions:

crlc C 1 ~ 2
Vélll(q;w) = Vﬁ),)h(q)Jrzlxé (g w) [V(,l (q)}
T (g () LN En) ) ]
Muae) = 0@+ 5§ @) [T @)

Dy — L 9% hf
W)= —Try :
Xo (aw) =TT %: kZ  (hw —in)? — (t(p) — t(h))?

Parquet diagrams with spin-orbit interactions Rings with spin-orbit



Rings

Induced spin-orbit interaction

Wi (arw) = W (g, w)L8

(LS ~(LS)
WO (q0) = a(@) (R )

+ a ~ )
21— xo(a; w)Vélh(Q: w) 21— xo(qw)T D (g w)

Some small terms have been omitted.

Parquet diagrams with spin-orbit interactions Rings with spin-orbit



Key takeaways from spin-orbit potentials

e Summing rings with spin-orbit potentials is not a big deal
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Key takeaways from spin-orbit potentials

e Summing rings with spin-orbit potentials is not a big deal

@ Much uncertainty in the spin-orbit and tensor interactions
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Key takeaways from spin-orbit potentials

e Summing rings with spin-orbit potentials is not a big deal

@ Much uncertainty in the spin-orbit and tensor interactions

40 — . — . 100 — .
T Reid 68 —— Reid 68 ——
20l I\ AVE —— AV ——
- Reid 93 Reid 93
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T 20 1 2 /
% |
E o0t \ / S 0
£ ey Z
g 0 I / 2
ERE Y = 50t
ES #
100 - v/
Sl
-120 -100 L
00 05 10 15 20 25 30 00 05 10 15 20 25 30
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o Effective interactions contain the spin-orbit force in the form

VED (1) = r(r) [Vis(r) + Wis(r)] oo (r)

where 11 (r) triplet pair wave function of the Bethe-Goldstone

equation = /1 + F( )(r) “direct correlation function”.

Parquet diagrams with spin-orbit interactions Rings with spin-orbit
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Key takeaways from spin-orbit potentials

Effective interaction(r) (MeV)
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20 = 0.8
0 — 06 =
/ T )V g — 3
20t /T ewSn 04 X
/ v (/10 —
Vi (1)/10 —
-40 - 14T {02
™ ) . . . . 00
00 05 10 15 20 25 30
r (fm)

The spin-orbit potential is suppressed by the short-ranged
repulsive spin-triplet correlations

Rings with spin-orbit




Key takeaways from spin-orbit potentials

Effective interaction(r) (MeV)
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The spin-orbit potential is suppressed by the short-ranged

repulsive spin-triplet correlations

Rings with spin-orbit




Applications: Singlet and Triplet pairing neutron

matter

BCS gap-equation for the pairing function A(k)

B() = (k) — )2 + 1A
(k|V|k'): (effective) pairing interaction
Multicomponment version
Z / K Ve(k, k')A(f’)(k')
>/ (e(K) — )% +D2(K') |

1

B & /() 2 D29 D) = 5 [ a0

Applications: S and P wave superfluidity



Strongly interacting systems

e correlated BCS state

[CBCS) = 3 i Fe|m™) (™ [BCS)

m,N -m
Landau potential

(CBCS|H — uN|CBCS)

= N)e = S CBES[CBES)

Applications: S and P wave superfluidity
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Strongly interacting systems

e correlated BCS state

[CBCS) = 3 i Fe|m™) (™ [BCS)
m,N -m
Landau potential
(H Ny = (CBCS|H — uN|CBCS)

(CBCS|CBCS)

e Expansions in correlated wave functions
o Identify Jastrow-diagrams with parquet-diagrams

e Minimize with respect to the Bogoliubov amplitudes

Applications: S and P wave superfluidity



Summary without technicalities

o The gap equation remains the same but
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Summary without technicalities

o The gap equation remains the same but

o The interaction matrix elements and the single particle spectrum
become dependent on the gap function

(k[ V]le) = (k[VIA]|k)

e(k) — e(k, A)

Applications: S and P wave superfluidity



Summary without technicalities

o The gap equation remains the same but

o The interaction matrix elements and the single particle spectrum
become dependent on the gap function

(K[ Vk) = (k|VIA]|k)
e(k) — e(k, A)

o In the weakly coupled limit, these can be obtained from ground
state properties

o Contain, among others, medium polarization and self-energy
corrections.

Applications: S and P wave superfluidity



S wave pairing:

The importance of “b

A(kp) (MeV)
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S wave pairing:

The importance of “beyond parquet”

A(kp) (MeV)
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key takeaways:
@ Results for Reid 68 and Argonne
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S wave pairing:

The importance of “beyond parquet”

A(kp) (MeV)

35

'S gap, Reid 68 interaction
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bare interaction
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twisted

key takeaways:
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'S, gap, AV interaction

bare interaction
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@ Results for Reid 68 and Argonne are quite similar

e Parquet-type many-body corrections reduce gap

and P wave superfluidity




S wave pairing:

The importance of “beyond parquet”

'S gap, Reid 68 interaction

'S, gap, AV interaction

35 - - 35 -
bare interaction bare interaction
3.0 _— parquet parquet
twisted twisted
~ 25 ~ Qmc
> >
o o
= 20 2
Z 15 )
< 10 7 <
/
0.5 7
0.0
00 02 04 1.6

key takeaways:
@ Results for Reid 68 and Argonne are quite similar
e Parquet-type many-body corrections reduce gap

e Additional repulsion from non-parquet diagrams reduces the gap
by another factor of 2 !

and P wave superfluidity



S wave pairing:

The importance of “beyond parquet”

Alkp) (MeV)

35

'S gap, Reid 68 interaction

3.0
25
20
15
1.0
0.5

0.0

bare interaction
_— parquet
twisted

key takeaways:

A (kp) (MeV)

'S, gap, AV interaction

bare interaction
parquet
twisted

QMC

@ Results for Reid 68 and Argonne are quite similar

by another factor of 2 !

Parquet-type many-body corrections reduce gap

and P wave superflui

Additional repulsion from non-parquet diagrams reduces the gap

Good agreement with QMC should be taken with a grain of salt.




P wave superfluidity

Leaving out many-body effects

Bare interaction results: Some history
(Tamagaki, Takatsuka 1970-1972)

3Py-3Fy gap with bare interactions
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P wave superfluidit

Leaving out many-body effects

Bare interaction results: Some history
(Tamagaki, Takatsuka 1970-1972)

3Py gap with bare interactions

and spin-orbit force turned off However:  “Without an
attractive spin-orbit in-
teraction, neutrons would

ol form a 3Py superfluid,
in which the spin and

038 orbital angular momenta

F e are anti-aligned, rather
= than the 3P, state, in
o4 which they are aligned.”
0.2 (Gezerlis et al. in “Pair-
00 ing and superfluidity of

0.4

nucleons in neutron star”)

Applications: S and P wave superfluidity
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The importance of many-body effects
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The importance of many-body effects

3P, gap, Reid 68 interaction
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@ Results for Reid 68 and Argonne

3P, gap, AVy interaction
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The importance of many-body effects

3P, gap, Reid 68 interaction
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@ Results for Reid 68 and Argonne are reasonably different

e Parquet-type many-body corrections reduce the gap
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P wave superfluidity

The importance of many-body effects

3P, gap, Reid 68 interaction 3P, gap, AVy interaction
12 1.2
bare, no L*S
parquet
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00
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key takeaways:
@ Results for Reid 68 and Argonne are reasonably different
e Parquet-type many-body corrections reduce the gap

e Additional attraction from non-parquet diagrams enhances the
gap by up to a factor of 2 !




Dynamic Many-Body Theory (DMBT)

(Multi-)particle fluctuations for bosons

Make the correlated wave function time dependent !
Fe®V W)

<W0|e%§UTFTFe%6U‘\UO>]1/2 ’

|Wo): model ground state, §U(t): excitation operator

|W(t)> _ e—iEot/h

Outlook: Dynamic Many-Body Theory



Dynamic Many-Body Theory (DMBT)

(Multi-)particle fluctuations for bosons and fermions
Make the correlated wave function time dependent !
1
Fe2'U W)
1 1 9
(Wolez?VTFTRedV [w)]1/2

|Wo): model ground state, §U(t): excitation operator
Bosons:

|W(t)> _ e—iEot/h

JU(t) = Z sul(ry; t) +Z su®(ry, 1j; t) +...

long wavelength excitations 1<) short wavelength excitations
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Dynamic Many-Body Theory (DMBT)

(Multi-)particle fluctuations for bosons and fermions
Make the correlated wave function time dependent !
1
Fe2'U W)
1 1 9
(Wolez?VTFTRedV [w)]1/2

‘\Ug>: model ground state, 0U(t): excitation operator
Fermions: (a correlated version of “second”(S)RPA)

|W(t)> _ e—iEot/h

_ (1) T (2) Tal o .
ouU(t) = E duy , (t)alan + E dupy o (t)apagayay,
ph ™ p,h,p’;h’
long wavelength excitations short wavelength excitations

Outlook: Dynamic Many-Body Theory



Dynamic Many-Body Theory (DMBT)

(Multi-)particle fluctuations for bosons and fermions

Make the correlated wave function time dependent !
Fe®V W)
<W0|655UTFTFG26U‘\UQ>]1/2 )

‘\Ug>: model ground state, 0U(t): excitation operator
Fermions: (a correlated version of “second”(S)RPA)

|W(t)> _ e—iEot/h

ou(t) = Z (511&)1(‘5)&;&}1 + Z 5up h,p’,h’ ) apad E’ahdh’
—_———

ph o p,h,p’, b’ o
long wavelength excitations short wavelength excitations

Action principle: Assume a weak external potential Ugy(r; t):

5/tt1 <w( )‘ maa Ut )'\U(t)>dt

0 + Ut (t )‘¢(t)>dt:0.

t1

_ 5 <¢()‘H Ho, — ind
to a

Outlook: Dynamic Many-Body Theory



Neutron matter response
....at the 1p-1h level

Density channel

5C%q0) ep, kp= 10 fm” o . $Miqw) ep, kp=1.0fm” o SVqoep k=106 "
i MR .
Phonon strongly Strength close to Very similar to
Landau damped continnum longitudinal mode
V. v v

k: Dynamic Many-Body



Neutron matter response
....at the 1p-1h level

ke=10fm”

sPgoe;.

K= 10"

nEi | .
Phonon strongly Strength close to Very similar to
Landau damped continnum longitudinal mode

V. V.
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Example

3He in 3D

DMBT:

O
S(Q,W) = SC(Q,(U) + SI(va)
Oc
Experiments, P = 0.83 bar DMBT sum, p =0.0166 A
. 0.7 0.7
a0 F o
s A 0.6 > 0.6
) O
£ , g
g 30 @ 0.5 . 0.5
& &
B 0.4 5 0.4
£ 20 2 Z
s il : 03 g 0.3
= # v >
= b 7 0.2 = 0.2
2 10 7 2
m [~ m
0.1 0.1
0.0 Lt . 0.0 X 0.0
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Wavevector transfer Q A Wavevector transfer Q (A™)
v <

Exampl
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Summary

The importance of many-body effects

e Diagrammatic many-body methods give access to energetics,
dynamics, and phase transitions;

e S-wave pairing gets suppressed by the repusive triplet interaction
in intermediate states;

e 3P,-3F, is suppressed by the suppression of the spin-orbit
interaction by short ranged correlations;

e 3Py is enhanced by the suppression of the spin-orbit interaction by
short ranged correlations.

@ Dynamic response is still in the works.

Summary
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