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3Background: Physics out of strong light-ma7er coupling
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5Appeal of strongly correlated systems
Strongly correlated systems: Crucial role of interactions between electrons

Correla2ons
Charge

Spin Phonon

Orbit

Various emergent collective phenomena in and out of equilibrium

Rich physics & order

factors, the magnetic excitations, the underlying Fermi sur-
face topology, or additional effects, are not optimized here.

ARPES confirms that the Brillouin zone is magnetic,
i.e., there is clear observations of a gap along the magnetic
zone boundary.272–274 Figure 20 show a fragmented Fermi
surface, which suggests that the large Fermi surface is
gapped by into electron and hole pockets,272–274 and
“shadow” and main bands are split along the magnetic BZ
boundary.273 This can be described by the generalized dy-
namical mean-field theory with the k-dependent self-energy
(LDA þ DMFT þ Rk).274 Similar s-wave-like dependence
of the pseudogap has been recently suggested based on the
analysis of Raman spectra and for hole-doped BSCCO.275

One may conclude that the electron–hole asymmetry of
the phase diagram of cuprates is a piece of pseudogap puzzle
that should be addressed by any consistent model.

5. Pseudogap in Fe-SC

In the iron-based superconductors, the pseudogap is
hardly seen by ARPES.46 It has been reported in several
early studies on polycrystalline samples276–278 and later on
Ba1"xKxFe2As2 (BKFA) single crystals,279 but that observa-
tions are not supported by a majority of ARPES208,280–285

and STM286,287 experiments.
It is surprising because from a nearly perfect Fermi

surface nesting one would expect the pseudogap due to
incommensurate ordering like in transition metal dichalcoge-
nides and cuprates. The absence of the pseudogap in ARPES
spectra may be just a consequence of low spectral weight
modulation by the magnetic ordering that may question its
importance for superconductivity, discussed in previous sec-
tion. Also, the band gap due to antiferromagnetic order, even
commensurate, is small and partial, it opens the gap on
Fermi surface parts but not even along each direction.288

Meanwhile, a growing evidence for pseudogap comes
from other experiments.46 NMR on some of 1111 com-
pounds and Ba(Fe1"xCox)2As2 (BFCA)289 and nuclear
spin-lattice relaxation rate on Ca(Fe1"xCox)2As2

290 reveal a
pseudogap-like gradual decrease of (T1T)"1 below some
temperature above Tc as function of doping, similarly to the
spin-gap behavior in cuprates.

The interplane resistivity data for BFCA over a broad
doping range also shows a clear correlation with the NMR
Knight shift, assigned to the formation of the pseudogap.291

In SmFeAsO1"x, the pseudogap was determined from resis-
tivity measurements.292,293 The evidence for the supercon-
ducting pairs in the normal state (up to temperature T #
1.3Tc) has been obtained using point-contact spectroscopy
on BFCA film.294

The optical spectroscopies reveal the presence of the
low- and high-energy pseudogaps in the Ba122295 and
FeSe.296 The former shares striking similarities with the
infrared pseudogap in YBCO while the later is similar to fea-
tures in an electron-doped NCCO. Recently a pseudogap-
like feature has been observed in LiFeAs above Tc up to
40 K by ultrafast optical spectroscopy.297

In magnetic torque measurements of the isovalent-doping
system BaFe2(As1"xPx)2 (BFAP), electronic nematicity has
been observed above the structural and superconducting tran-
sitions.298 It has been supported by recent ARPES study of
the same compound299 in which a composition-dependent
pseudogap formation has been reported. The pseudogap
develops a dome on the phase diagram very similar to cup-
rates and is accompanied by inequivalent energy shifts in the
Fe zx/yz orbitals, which are thus responsible for breaking the
fourfold rotational symmetry.

The pseudogap related to the fourfold symmetry break-
ing and electronic nematic fluctuations has been observed by
a time-resolved optical study for electron-doped BFCA300

and near optimally doped Sm(Fe,Co)AsO.301 The observed
anisotropy persists into the superconducting state, that indi-
cates that the superconductivity is coexisting with nematicity
and the pseudogap in these compounds.

Very recently, the pseudogap-like behavior has been
found in the novel iron-based superconductor with a triclinic
crystal structure (CaFe1"xPtxAs)10Pt3As8 (Tc ¼ 13 K), con-
taining platinum–arsenide intermediary layers, studied by
lSR, INS, and NMR.302 Authors have found two supercon-
ducting gaps like in other Fe-SCs, but smaller, about 2 and
0.3 meV, and also an unusual peak in the spin-excitation spec-
trum around 7 meV, which disappears only above T*¼ 45 K.
A suppression of the spin-lattice relaxation rate observed by
NMR immediately below this temperature indicates that T*
could mark the onset of a pseudogap, which is likely associ-
ated with the emergence of preformed Cooper pairs.

To conclude, there is much less consensus about the
pseudogap in the iron-based superconductors than in cup-
rates. The fact that in contrast to cuprates the pseudogap in
Fe-SC is not easily seen by ARPES says for its more sophis-
ticated appearance in multiband superconductors. Thus, at
the moment, unlike the CDW bearing dichalcogenides, the
ferro-pnictides and ferro-chalcogenides can hardly provide
deeper incite into pseudogap origins. On the other hand, due
to their multiband electronic structure, studying these materi-
als may shed some light on the interplay of the pseudogap
and superconductivity.

6. Pseudogap and superconductivity

Density wave (SDW or CDW) in cuprates, like CDW in
TMD, competes with superconductivity for the phase space
and is generally expected to suppress Tc. Though the

FIG. 21. Compiled phase diagram of HTSC cuprates. Insets show a sketch
of the AFM split conducting band along the magnetic zone boundary illus-
trating the idea of “topological superconductivity.”

Low Temp. Phys. 41 (5), May 2015 A. A. Kordyuk 335ex)Phase diagram of 
cuprates Equilibrium Noneq.・Nonlinear

▷ Exotic excitation structure

à Intriguing optical response

▷ Balance between different degrees of freedom 

à Rich photo-induced phase transitions
A. Kordyuk, Low. Temp. Phys. 41, 319 (2015)



6Examples of Photo-induced phase transitions

Hidden CDW phase @ 1T-TaS2

Stojchevska et al., Science 344, 6180 (2014);
Vaskivskyi et al., Sci. Adv. 1:e150016 (2015).

Light-Induced Superconductivity in a
Stripe-Ordered Cuprate
D. Fausti,1,2*†‡ R. I. Tobey,2†§ N. Dean,1,2 S. Kaiser,1 A. Dienst,2 M. C. Hoffmann,1 S. Pyon,3

T. Takayama,3 H. Takagi,3,4 A. Cavalleri1,2*

One of the most intriguing features of some high-temperature cuprate superconductors is the
interplay between one-dimensional “striped” spin order and charge order, and superconductivity.
We used mid-infrared femtosecond pulses to transform one such stripe-ordered compound,
nonsuperconducting La1.675Eu0.2Sr0.125CuO4, into a transient three-dimensional superconductor.
The emergence of coherent interlayer transport was evidenced by the prompt appearance of a
Josephson plasma resonance in the c-axis optical properties. An upper limit for the time scale
needed to form the superconducting phase is estimated to be 1 to 2 picoseconds, which is
significantly faster than expected. This places stringent new constraints on our understanding of
stripe order and its relation to superconductivity.

High-temperature cuprate superconductors
are synthesized by chemically doping
the parent compound, an antiferromag-

netic Mott insulator. An example of a parent
compound is La2CuO4, which turns into an un-
conventional metal as holes are doped into its
CuO2 planes by substitution of La by Ba or Sr.
La2-x(Ba/Sr)xCuO4 becomes superconducting
for x > 0.05, reaching the highest critical tem-
peratures near x = 0.16. The x = 1/8 compound
deserves special attention, because it hosts one-
dimensional (1D) modulations of charge and
spin (1) and exhibits sharp reduction in critical
temperature Tc (superconducting transition tem-
perature). In the Ba-doped system, these “stripes”
become static, enhanced by the buckled Cu-O
planes in the so-called low-temperature tetrag-
onal (LTT) phase (2, 3). Static stripes, LTT
phases (4), and suppressed superconductivity
are also detected in La1.48Nd0.4Sr0.12CuO4 (5, 6)
and La1.675Eu0.2Sr0.125CuO4 (LESCO1/8) (7).
Figure 1 shows a schematic phase diagram of
La1.8-xEu0.2SrxCuO4, in which Tc is strongly
reduced in the stripe region, for all doping val-
ues below x = 0.2 (8, 9).

The transition between a doped Mott insula-
tor and a superconductor has long been at the
heart of research into cuprate superconductivity.
Virtually all studies have explored this transition
by changing static doping or by adiabatically
tuning an external parameter, such as pressure, to

demonstrate that superconductivity can be re-
stored if the equilibrium crystallographic struc-
ture is perturbed (10).

We dynamically perturbed the nonsuper-
conducting LESCO1/8 with mid-infrared (mid-IR)
radiation (11, 12), inducing superconductivity on
the ultrafast time scale. Optical excitation in the
visible or near-IR has been used in the past to
study (13–18), and sometimes even enhance
(19), superconductivity. However, in all these
cases, superconductivity could be achieved only
after the relaxation of hot incoherent carriers back
to the ground state and was not triggered directly
by the light field.

Nonsuperconducting LESCO1/8, held at a base
temperature of 10 K, was excited with 15-mm–
wavelength pulses (80 meV of photon energy),
made resonant with an in-plane, near–600 cm−1,
Cu-O stretch. The time-dependent intensity re-
flectivity,R = Irefl/Iinc (refl, reflected; inc, incident),
was measured in the near-IR (1.5 eV), a photon
energy at which the optical properties are indi-
rectly related to the appearance of superconductivi-
ty (20–22).Aprompt reflectivity change, remaining
constant up to the longest time delays probed
(100 ps), was observed (Fig. 2). Photoexcitation
with the electric field polarized orthogonal to the
planes resulted in only a small reflectivity change
during the pump pulse and no long-lived response.

The long-lived photoinduced state of LESCO1/8,
can be shown to be superconducting by time-
resolved terahertz spectroscopy. At equilibrium,
superconductivity in cuprates is reflected in the
appearance of a Josephson plasma resonance
(JPR) in the c-axis terahertz optical properties.
This is a general feature of cuprate supercon-
ductors (23–25), well understood by noting that
3D superconductivity in these compounds can be
explained by Josephson coupling between capac-
itively coupled stacks of quasi-2D superconducting
layers (26). This effect is shown in Fig. 3A for
optimally doped La1.84Sr0.16CuO4. A plasma edge
in the reflectance appears near 60 cm−1 when the
temperature is reduced below Tc = 38 K.

Figure 3C reports mid-IR pump, terahertz
reflectance-probe measurements in nonsuper-
conducting LESCO1/8. The equilibrium electric
field reflectance, as in other striped cuprates (27),
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Fig. 1. Schematic phase diagram for La1.8-xEu0.2SrxCuO4. Superconductivity (yellow area) is quenched at
all doping levels (gray area) below 0.2, emerging only at very low temperatures. At 0.125 doping, a static
1Dmodulation of charges and spins, the stripe state, emerges in the planes. This stripe phase (left inset) is
associated with a LTT distortion, in which the oxygen octahedrals in the crystal are tilted (right inset). The
red dashed curve marks the boundary for superconductivity in compounds of the type La2-xSrxCuO4, in
which the LTT structural modulation is less pronounced.
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exhibits a featureless terahertz response reminis-
cent of that of LSCO0.16 above Tc (Fig. 3B). Five
picoseconds after excitation, a plasma edge at a
frequency comparable to that of the LSCO0.16

JPR is observed, indicating the emergence of co-
herent transport in the c axis. This is the most
important observation of our work, evidencing
ultrafast photoinduced superconductivity in
LESCO1/8.

The measured change in the absolute tera-
hertz field reflectance is less than 1%, which is
suggestive of an incomplete transformation of the
probed volume. This is well explained by noting
that the pump field penetration depth is about
200 nm, whereas the terehertz probe samples a
depth of nearly 10 mm. The raw data of Fig. 3C
was processed assuming a total terahertz re-
flectance resulting from a homogeneously trans-
formed surface layer and an unperturbed bulk
beneath. Relying on the knowledge of both am-
plitude and phase of the static and transient field
reflectance, we could isolate the real and imag-
inary part of the time- and frequency-dependent
optical conductivity s1(w,t) + is2(w,t) in the
surface layer. In Fig. 4, we plot the imaginary part
s2(w,t), after subtracting a component originat-
ing from higher-frequency oscillators, which are
also perturbed by photoexcitation and give a
negative contribution to the conductivity change
(28). The imaginary time-dependent conductivity
s2(w,t) acquires a 1/w frequency dependence
immediately after excitation. A divergent imag-
inary conductivity at low frequencies is a defin-
ing characteristic of a superconductor. The real
part s1ðwÞ ¼ p=2ðnse2=m*Þdð0Þ reflects van-
ishing DC resistivity, and s2ðwÞ ¼ nse2=m*w is
connected to the diamagnetic response, and to
the Meissner effect as w→ 0 (29) Here ns is the

superfluid density, e is the electron charge, and
m* is the electron effective mass (30). The
quantity ws2ðw → 0*,tÞ (31), defined as the
low-frequency limit of the measured terahertz
transient for various pump-probe time delays,
provides a measure of the formation time of the
superconducting state (Fig. 4B). The prompt ap-
pearance of finite superconducting density, over-
shooting before relaxing into a plateau at a 5-ps
time delay, reflects the transition dynamics be-
tween the striped state and the 3D superconductor.
The temperature dependence of s2(w,t), for time
delays t = 5 ps shows that the signatures of the
transient superconducting state are lost above a base
temperature of 20 K, at least for the 1 mJ/cm2

excitation fluence used here (Fig. 4C).
In Fig. 4D we plot the wavelength-dependent

susceptibility for photoinduced superconduc-
tivity, operationally defined as the inverse of the
fluence Fsat at which the photoinduced optical
properties start saturating (see supporting online
material). The key observation is that the photo-
susceptibility has a pronounced peak at the fre-
quency of the phonon. In comparison, at the
same frequency, the reflectivity and the extinction
coefficient change only marginally. As shown in
Fig. 4D, the photosusceptibility (red dots) fol-
lows the phonon-resonance line shape (dashed
curve), plotted as a “partial” extinction coeffi-
cient aphonon and associated with a single oscil-
lator extracted from a Drude-Lorentz fit of the

broadband reflectivity (28). This observation
suggests that direct coupling to the crystal struc-
ture may be responsible for the ultrafast transition
into the superconducting phase.

The detailed microscopic pathway that leads
to the superconducting state deserves further
discussion. As a working hypothesis, it is helpful
to relate our work to recent studies in striped
cuprates, in which evidence for low-temperature
2D superconductivity was found (32). A plausi-
ble explanation for the decoupling between dif-
ferent striped planes follows directly from the
crystallographic structure of the LTT phase (33),
in which stripes of neighboring planes are oriented
in perpendicular directions, whereas the next-
nearest planes exhibit a shift of a half stripe pe-
riod. This leads to a superconducting order that is
in antiphase between stripes within each plane,
and to canceling of the lowest-order Josephson
coupling between planes (34).

In our experiment, the Josephson effect is
reestablished when mid-IR pulses perturb the
stripe state, which we attribute to a direct dis-
tortion of the LTT structure by the mid-IR ra-
diation. The data of Fig. 4B provides a rise time
for the formation of the superconducting state
tSC < 1 to 2 ps, limited by the temporal resolution
of our measurement. This is a surprisingly short
time scale, and it is difficult to imagine how
mutually incoherent planes could synchronize so
rapidly. At 5 K, only the 100-GHz modes are

Fig. 2. Time-dependent 800-nm intensity re-
flectivity changes after excitation with IR pulses at
16 mm wavelength and ~1mJ/cm2 intensity. Photo-
excitation along the Cu-O planes results in the ap-
pearance of a long-lived meta-stable phase lasting
longer than 100 ps. Excitation with the electric field
polarized orthogonal to the Cu-O plane results in
minimal reflectivity changes.

Fig. 3. (A) Static c-axis electric field reflectance (r = Erefl/Einc)
of LSCO0.16, measured at a 45° angle of incidence above (black
dots) and below (red dots) Tc = 38 K. Here field reflectances r =
Erefl / Einc are measured, as opposed to intensity reflectivities
in the near-IR, because the time domain detection scheme
for short terahertz transients is sensitive to the electric field.

In the equilibrium low-temperature superconducting state, a Josephson plasma edge is clearly
visible, reflecting the appearance of coherent transport. This edge is fitted with a two-fluid model
(continuous line). Above Tc , incoherent ohmic transport is reflected in a featureless conductivity. (B)
Static c-axis reflectance of LESCO1/8 at 10 K. The optical properties are those of a nonsuperconducting
compound down to the lowest temperatures. (C) Transient c-axis reflectance of LESCO1/8, normalized
to the static reflectance. Measurements are taken at 10 K, after excitation with IR pulses at 16 mm
wavelength. The appearance of a plasma edge at 60 cm−1 demonstrates that the photoinduced state
is superconducting.
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thermally populated, and no spontaneous fluctu-
ation could drive a process on time scales shorter
than 10 ps.

This short time scale supports a picture in
which information about the superconducting
state is already present in the system before ex-
citation. Indeed, if the planes were simply an-
ticorrelated at equilibrium, recoupling could occur
on a time scale needed to change the interplane
order parameter phase difference, reestablishing
the Josephson effect. This time scale may be very
fast, commensurate with the Josephson plasmon
period TJPR ~ 600 fs.

The temperature at which photoinduced su-
perconductivity disappears is near 10 to 20 K,
significantly below Tc = 35 K in LSCO0.16 and
similar to the Berezinskii-Kosterlitz-Thouless
temperature (TBKT = 16 K) found from transport
measurements in other striped compounds (3).
One can speculate that the disappearance of 2D
fluctuations for T < TBKT may be a necessary
condition for photoinduced recoupling.

At the earliest time scales, a key question re-
lates to the fate of stripe order once the Josephson
coupling has been established. Time-resolvedmea-
surements of the stripe order, possible by extending

soft x-ray scattering techniques (35) to the time
domain, could clarify whether superconductivity
emerges only in response to stripe melting, or, in
contrast, the two can coexist.

Our measurements have not probed the
dynamics beyond 100-ps time delays, although
no relaxation was found on that time scale. We
can thus deduce that the transient superconduct-
ing phase does not relax back for many nano-
seconds, possibly more. The long lifetime can be
understood by noting that once the 3D super-
conducting state is formed, the new broken sym-
metry leads to rigidity and to the formation of a
kinetic barrier, which stabilizes the superconduct-
ing state.

The present paper has demonstrated that
light can be used to affect phase competition
in the underdoped cuprates, allowing for the
emergence of a transient superconducting state
at temperatures where the striped phase is the
true ground state of the system. Similar photo-
stimulation could be used to explore a broader
region of the underdoped phase diagram, espe-
cially at doping levels and temperatures for which
the electronic structure is already gapped (36)
and signatures of quantum coherence are already

present, but 3D superconductivity is not estab-
lished (37).
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Fig. 4. (A) Time- and frequency-dependent imaginary conductivity s2(w,t) of LESCO1/8 at 10 K
after excitation with IR pulses at 16 mm wavelength. The appearance of a 1/w dispersion dem-
onstrates that the system becomes superconducting on the shortest time scales accessible here. (B)
Time-dependent plot of the normalized function ws2(w − >0,t), proportional to the condensate
density. (C) Transient measurement of the imaginary conductivity s2(w,5 ps), demonstrating that
for the fluence used here (<1 mJ/cm2), photoinduced superconductivity can only be induced for
base temperatures Tb < 20 K. (D) Photosusceptibility, defined as the inverse of the saturation
fluence plotted as a function of wavelength (red dots) compared to the reflectivity (black dots) of
LESCO1/8 measured in the ab plane. By means of a Drude-Lorentz fitting, the partial extinction
coefficient for the aphonon is extracted (dashed curve) and compared to the photosusceptibility.
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factors, the magnetic excitations, the underlying Fermi sur-
face topology, or additional effects, are not optimized here.

ARPES confirms that the Brillouin zone is magnetic,
i.e., there is clear observations of a gap along the magnetic
zone boundary.272–274 Figure 20 show a fragmented Fermi
surface, which suggests that the large Fermi surface is
gapped by into electron and hole pockets,272–274 and
“shadow” and main bands are split along the magnetic BZ
boundary.273 This can be described by the generalized dy-
namical mean-field theory with the k-dependent self-energy
(LDA þ DMFT þ Rk).274 Similar s-wave-like dependence
of the pseudogap has been recently suggested based on the
analysis of Raman spectra and for hole-doped BSCCO.275

One may conclude that the electron–hole asymmetry of
the phase diagram of cuprates is a piece of pseudogap puzzle
that should be addressed by any consistent model.

5. Pseudogap in Fe-SC

In the iron-based superconductors, the pseudogap is
hardly seen by ARPES.46 It has been reported in several
early studies on polycrystalline samples276–278 and later on
Ba1"xKxFe2As2 (BKFA) single crystals,279 but that observa-
tions are not supported by a majority of ARPES208,280–285

and STM286,287 experiments.
It is surprising because from a nearly perfect Fermi

surface nesting one would expect the pseudogap due to
incommensurate ordering like in transition metal dichalcoge-
nides and cuprates. The absence of the pseudogap in ARPES
spectra may be just a consequence of low spectral weight
modulation by the magnetic ordering that may question its
importance for superconductivity, discussed in previous sec-
tion. Also, the band gap due to antiferromagnetic order, even
commensurate, is small and partial, it opens the gap on
Fermi surface parts but not even along each direction.288

Meanwhile, a growing evidence for pseudogap comes
from other experiments.46 NMR on some of 1111 com-
pounds and Ba(Fe1"xCox)2As2 (BFCA)289 and nuclear
spin-lattice relaxation rate on Ca(Fe1"xCox)2As2

290 reveal a
pseudogap-like gradual decrease of (T1T)"1 below some
temperature above Tc as function of doping, similarly to the
spin-gap behavior in cuprates.

The interplane resistivity data for BFCA over a broad
doping range also shows a clear correlation with the NMR
Knight shift, assigned to the formation of the pseudogap.291

In SmFeAsO1"x, the pseudogap was determined from resis-
tivity measurements.292,293 The evidence for the supercon-
ducting pairs in the normal state (up to temperature T #
1.3Tc) has been obtained using point-contact spectroscopy
on BFCA film.294

The optical spectroscopies reveal the presence of the
low- and high-energy pseudogaps in the Ba122295 and
FeSe.296 The former shares striking similarities with the
infrared pseudogap in YBCO while the later is similar to fea-
tures in an electron-doped NCCO. Recently a pseudogap-
like feature has been observed in LiFeAs above Tc up to
40 K by ultrafast optical spectroscopy.297

In magnetic torque measurements of the isovalent-doping
system BaFe2(As1"xPx)2 (BFAP), electronic nematicity has
been observed above the structural and superconducting tran-
sitions.298 It has been supported by recent ARPES study of
the same compound299 in which a composition-dependent
pseudogap formation has been reported. The pseudogap
develops a dome on the phase diagram very similar to cup-
rates and is accompanied by inequivalent energy shifts in the
Fe zx/yz orbitals, which are thus responsible for breaking the
fourfold rotational symmetry.

The pseudogap related to the fourfold symmetry break-
ing and electronic nematic fluctuations has been observed by
a time-resolved optical study for electron-doped BFCA300

and near optimally doped Sm(Fe,Co)AsO.301 The observed
anisotropy persists into the superconducting state, that indi-
cates that the superconductivity is coexisting with nematicity
and the pseudogap in these compounds.

Very recently, the pseudogap-like behavior has been
found in the novel iron-based superconductor with a triclinic
crystal structure (CaFe1"xPtxAs)10Pt3As8 (Tc ¼ 13 K), con-
taining platinum–arsenide intermediary layers, studied by
lSR, INS, and NMR.302 Authors have found two supercon-
ducting gaps like in other Fe-SCs, but smaller, about 2 and
0.3 meV, and also an unusual peak in the spin-excitation spec-
trum around 7 meV, which disappears only above T*¼ 45 K.
A suppression of the spin-lattice relaxation rate observed by
NMR immediately below this temperature indicates that T*
could mark the onset of a pseudogap, which is likely associ-
ated with the emergence of preformed Cooper pairs.

To conclude, there is much less consensus about the
pseudogap in the iron-based superconductors than in cup-
rates. The fact that in contrast to cuprates the pseudogap in
Fe-SC is not easily seen by ARPES says for its more sophis-
ticated appearance in multiband superconductors. Thus, at
the moment, unlike the CDW bearing dichalcogenides, the
ferro-pnictides and ferro-chalcogenides can hardly provide
deeper incite into pseudogap origins. On the other hand, due
to their multiband electronic structure, studying these materi-
als may shed some light on the interplay of the pseudogap
and superconductivity.

6. Pseudogap and superconductivity

Density wave (SDW or CDW) in cuprates, like CDW in
TMD, competes with superconductivity for the phase space
and is generally expected to suppress Tc. Though the

FIG. 21. Compiled phase diagram of HTSC cuprates. Insets show a sketch
of the AFM split conducting band along the magnetic zone boundary illus-
trating the idea of “topological superconductivity.”
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factors, the magnetic excitations, the underlying Fermi sur-
face topology, or additional effects, are not optimized here.

ARPES confirms that the Brillouin zone is magnetic,
i.e., there is clear observations of a gap along the magnetic
zone boundary.272–274 Figure 20 show a fragmented Fermi
surface, which suggests that the large Fermi surface is
gapped by into electron and hole pockets,272–274 and
“shadow” and main bands are split along the magnetic BZ
boundary.273 This can be described by the generalized dy-
namical mean-field theory with the k-dependent self-energy
(LDA þ DMFT þ Rk).274 Similar s-wave-like dependence
of the pseudogap has been recently suggested based on the
analysis of Raman spectra and for hole-doped BSCCO.275

One may conclude that the electron–hole asymmetry of
the phase diagram of cuprates is a piece of pseudogap puzzle
that should be addressed by any consistent model.

5. Pseudogap in Fe-SC

In the iron-based superconductors, the pseudogap is
hardly seen by ARPES.46 It has been reported in several
early studies on polycrystalline samples276–278 and later on
Ba1"xKxFe2As2 (BKFA) single crystals,279 but that observa-
tions are not supported by a majority of ARPES208,280–285

and STM286,287 experiments.
It is surprising because from a nearly perfect Fermi

surface nesting one would expect the pseudogap due to
incommensurate ordering like in transition metal dichalcoge-
nides and cuprates. The absence of the pseudogap in ARPES
spectra may be just a consequence of low spectral weight
modulation by the magnetic ordering that may question its
importance for superconductivity, discussed in previous sec-
tion. Also, the band gap due to antiferromagnetic order, even
commensurate, is small and partial, it opens the gap on
Fermi surface parts but not even along each direction.288

Meanwhile, a growing evidence for pseudogap comes
from other experiments.46 NMR on some of 1111 com-
pounds and Ba(Fe1"xCox)2As2 (BFCA)289 and nuclear
spin-lattice relaxation rate on Ca(Fe1"xCox)2As2

290 reveal a
pseudogap-like gradual decrease of (T1T)"1 below some
temperature above Tc as function of doping, similarly to the
spin-gap behavior in cuprates.

The interplane resistivity data for BFCA over a broad
doping range also shows a clear correlation with the NMR
Knight shift, assigned to the formation of the pseudogap.291

In SmFeAsO1"x, the pseudogap was determined from resis-
tivity measurements.292,293 The evidence for the supercon-
ducting pairs in the normal state (up to temperature T #
1.3Tc) has been obtained using point-contact spectroscopy
on BFCA film.294

The optical spectroscopies reveal the presence of the
low- and high-energy pseudogaps in the Ba122295 and
FeSe.296 The former shares striking similarities with the
infrared pseudogap in YBCO while the later is similar to fea-
tures in an electron-doped NCCO. Recently a pseudogap-
like feature has been observed in LiFeAs above Tc up to
40 K by ultrafast optical spectroscopy.297

In magnetic torque measurements of the isovalent-doping
system BaFe2(As1"xPx)2 (BFAP), electronic nematicity has
been observed above the structural and superconducting tran-
sitions.298 It has been supported by recent ARPES study of
the same compound299 in which a composition-dependent
pseudogap formation has been reported. The pseudogap
develops a dome on the phase diagram very similar to cup-
rates and is accompanied by inequivalent energy shifts in the
Fe zx/yz orbitals, which are thus responsible for breaking the
fourfold rotational symmetry.

The pseudogap related to the fourfold symmetry break-
ing and electronic nematic fluctuations has been observed by
a time-resolved optical study for electron-doped BFCA300

and near optimally doped Sm(Fe,Co)AsO.301 The observed
anisotropy persists into the superconducting state, that indi-
cates that the superconductivity is coexisting with nematicity
and the pseudogap in these compounds.

Very recently, the pseudogap-like behavior has been
found in the novel iron-based superconductor with a triclinic
crystal structure (CaFe1"xPtxAs)10Pt3As8 (Tc ¼ 13 K), con-
taining platinum–arsenide intermediary layers, studied by
lSR, INS, and NMR.302 Authors have found two supercon-
ducting gaps like in other Fe-SCs, but smaller, about 2 and
0.3 meV, and also an unusual peak in the spin-excitation spec-
trum around 7 meV, which disappears only above T*¼ 45 K.
A suppression of the spin-lattice relaxation rate observed by
NMR immediately below this temperature indicates that T*
could mark the onset of a pseudogap, which is likely associ-
ated with the emergence of preformed Cooper pairs.

To conclude, there is much less consensus about the
pseudogap in the iron-based superconductors than in cup-
rates. The fact that in contrast to cuprates the pseudogap in
Fe-SC is not easily seen by ARPES says for its more sophis-
ticated appearance in multiband superconductors. Thus, at
the moment, unlike the CDW bearing dichalcogenides, the
ferro-pnictides and ferro-chalcogenides can hardly provide
deeper incite into pseudogap origins. On the other hand, due
to their multiband electronic structure, studying these materi-
als may shed some light on the interplay of the pseudogap
and superconductivity.

6. Pseudogap and superconductivity

Density wave (SDW or CDW) in cuprates, like CDW in
TMD, competes with superconductivity for the phase space
and is generally expected to suppress Tc. Though the

FIG. 21. Compiled phase diagram of HTSC cuprates. Insets show a sketch
of the AFM split conducting band along the magnetic zone boundary illus-
trating the idea of “topological superconductivity.”
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(Exponen4al with U/v )
N. Strohmaiser, et. al., PRL 104, 080401 (2010).
R. Sensarma, et. al., PRB 82, 224302 (2010).
A. Rosch, et. al., PRL  101, 265301 (2008).
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What kinds of metastable states emerge in photo-doped Mott insulators?

General question & three complementary approaches

1) Direct time-evolution 

2) Quasi-NESS approach 3) Quasi-equilibrium approach 

▷ Analogous to photo-doped semiconductor
▷ Mainly used in this talk

Approximate quasi-steady state 
with a true steady state supported 
by external bath
J. Li, et. al., PRB 102, 165136 (2020).
J. Li and M. Eckstein, PRB 103 045133 (2021).

A. Rosch, et. al., PRL  101, 265301 (2008).
Y. Kanamori, et al., PRL 107, 167403 (2011). 
YM, et. al., Comm. Phys. 5, 23 (2022).
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Review: YM, D Golež, M Eckstein, P Werner, arXiv:2310.05201 

Quasi-steady

Methods:
Exact Diagonaliza2on,
Tensor network,
Dynamical mean-field theory,
etc…
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cooling

Effective chemical potential &  temperature 
“μc,μv, Teff”

K. Asano, Bussei Kenkyu (2013).
L. V. Keldysh, Contemporary Phys. 27, 395 (1986).
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図 2 電子正孔系の概念的相図．EX と aX は励
起子の束縛エネルギーと励起子 Bohr半径．

になると予想できる．ただしここでは，電子数と
正孔数が同じである場合を考えているので，両者
共通の密度を単に密度と呼んでいる．また，励起
子 Bohr半径 aX と励起子の束縛エネルギー EX を
それぞれ長さとエネルギーの単位にとり，密度を
na3

X，温度を kBT/EX と無次元化した．
この概念的な相図を読み解く上で，相互作用の

強さを表すパラメーターが何かを理解する必要が
ある．まず，絶対零度を考えて，電子正孔一対当
たりの運動エネルギー (Eg を原点として測る)を，
相互作用を無視して見積もると，数係数は除いて，

εkin =
3
5

(
εe,F + εh,F − Eg

)
=

3
5
·
!2k2

F

2m
∼ !

2

md2 (9)

を得る．ここで εe,F と εh,F は電子と正孔の Fermi

エネルギー，kF =
(
3π2n

)1/3
は Fermi 波数である

（Fermi 波数は電子と正孔で共通であることに注
意）．また，d = (3/4πn)1/3 = (9π/4)1/3 k−1

F は平均
キャリア間距離を表す．一方，電子正孔一対当た
りの相互作用エネルギーは，

εint ∼
e2

4πεbd
(10)

程度である．従って，相互作用の強さは，

εint

εkin
=

(e2/4πεbd)
!2/md2 ∼ d

aX
(11)

と表せる．右辺に現れる rs = d/aX は rs パラメー
ターと呼ばれている．つまり，低温極限では低密
度ほど相互作用が強く，高密度ほど相互作用が
弱い．
逆に，高温極限を考えると，電子正孔一対当

たりの運動エネルギーは，いわゆる等分配則に
従って，

εkin ∼ 2 · 3
2

kBT ∼ kBT (12)

となる．一方，電子正孔一対当たりの相互作用エ
ネルギーは低温の場合と同じ評価で良い．従っ
て，相互作用の強さは，

εint

εkin
=

e2

4πεbdkBT
(13)

と表せる．右辺に現れる Γ = e2/4πεbkBT は不完
全性パラメーターと呼ばれている．つまり，高温
極限では低密度ほど相互作用が弱く，高密度ほど
相互作用が強い．
こうして低温領域と高温領域では，相互作用の

強さの密度依存性が逆転することが分かった．そ
れでは，これら二つの領域の境目はどこにある
のだろうか．上記の考察を見直すと，両領域の
違いは運動エネルギーの評価の違いとして現れ
ている．即ち，電子と正孔が量子統計に従って
いる（Fermi縮退している）場合が式 (11)で，古
典統計に従っている場合が式 (13) である．両領
域の移り変わりは，一種の量子古典クロスオー
バーと理解することができ，両領域の境目は，
kBT/

(
εeF + ε

h
F

)
= 定数 という条件式で表せる．こ

の式は，熱的 de Broglie波長

λT =
h√

2πmkBT
(14)

を使えば，
nλ3

T =定数 (15)

と書くこともできる．熱的 de Broglie波長は，二
つの同種粒子がどのくらい近づいたら量子統計性
を考慮しなければならないかを表す長さである．
以上の考察から，相互作用が最も強い領域（強

結合領域）が低密度かつ低温の領域にあることが

物性研究・電子版 Vol.3、No.1, 031207（2013年11月・2014年2月合併号）《講義ノート》
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GGE type description

Ĥ
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Original Hamiltonian:

Effective Hamiltonian: Ĥe↵
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Step2

Step3

Step1 Apply the Schrieffer-Wolff transformation (1/U expansion) 

Effective model with conserved local multiplets dressed with virtual fluctuation 

Introducing chemical potential for local multiplets and effective temperature

Solve the effective problem with existing equilibrium methods

ex) doublons, holons

YM, et. al., Comm. Phys. 5, 23 (2022).
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⌘̂+i = (�)iĉ†i#ĉ
†
i"
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not think of the order, i.e. (k, i, j) = (j, i, k).

Ĥ(2)
kin,UHB =

v2

U

∑

〈i,j〉,σ

[ ∑

k∈iNN ,k $=j

n̄i,σ̄c
†
j,σnj,σ̄nk,σ̄ck,σ +

∑

k∈jNN ,k $=i

n̄j,σ̄c
†
i,σni,σ̄nk,σ̄ck,σ

]

−v2

U

∑

〈i,j〉,σ

[ ∑

k∈iNN ,k $=j

c†i,σ̄nk,σck,σ̄nj,σ̄c
†
j,σci,σ +

∑

k∈jNN ,k $=i

c†j,σ̄nk,σck,σ̄ni,σ̄c
†
i,σcj,σ

]
(36)

=
v2

U

∑

〈k,i,j〉,σ

[
n̄i,σ̄c

†
j,σnj,σ̄nk,σ̄ck,σ + n̄i,σ̄c

†
k,σnk,σ̄nj,σ̄cj,σ

]

−v2

U

∑

〈k,i,j〉,σ

[
c†i,σ̄nk,σck,σ̄nj,σ̄c

†
j,σci,σ + c†i,σ̄nj,σcj,σ̄nk,σ̄c

†
k,σci,σ

]
(37)

Ĥ(2)
U,shift = Jex

∑

i

(n̂i↑ −
1

2
)(n̂i↓ −

1

2
), (38)

Ĥspin,ex = Jex
∑

〈i,j〉

ŝi · ŝj (39)

Ĥdh,ex = −Jex
∑

〈i,j〉

[η̂xi η̂
x
j + η̂yi η̂

y
j + η̂zi η̂

z
j ], (40)

Ĥ(2)
dh,slide =

v2

U

∑

〈i,j〉,σ

[ ∑

k∈iNN,k $=j

c†iσcj,σn̄j,σ̄c
†
i,σ̄ck,σ̄nk,σ +

∑

k∈jNN,k $=i

c†jσci,σn̄i,σ̄c
†
j,σ̄ck,σ̄nk,σ

]
(41)

+
v2

U

∑

〈i,j〉,σ

[ ∑

k∈iNN,k $=j

nj,σ̄c
†
jσci,σn̄k,σc

†
k,σ̄ci,σ̄ +

∑

k∈jNN,k $=i

ni,σ̄c
†
iσcj,σn̄k,σc

†
k,σ̄cj,σ̄

]

=
v2

U

∑

〈k,i,j〉,σ

[
c†iσcj,σn̄j,σ̄c

†
i,σ̄ck,σ̄nk,σ + c†iσck,σn̄k,σ̄c

†
i,σ̄cj,σ̄nj,σ

]
(42)

+
v2

U

∑

〈k,i,j〉,σ

[
nj,σ̄c

†
jσci,σn̄k,σc

†
k,σ̄ci,σ̄ + nk,σ̄c

†
kσci,σn̄j,σc

†
j,σ̄ci,σ̄

]

Here, we introduced the η-operators as η̂+i = θiĉ
†
i↓ĉ

†
i↑, η̂

−
i = θiĉi↑ĉi↓ and η̂zi = 1

2(n̂i − 1).

4.2 Discussion before the calculation

We consider the excitation of the half-filled Hubbard model. The steady state reached when the recom-
bination of doublon and holon is very inefficient shall be an equilibrium state of Ĥeff with finite doublon
or holon numbers. When we assume a very low temperature, such a state should be described as a
ground state of the ”Grand Canonical Hamiltonian”,

Ĥ ′
eff = Ĥeff − (

U

2
+ zV )

∑

i

ni −∆U
∑

i

(n̂i↑ −
1

2
)(n̂i↓ −

1

2
). (43)

Note that this is a complete analogy for the semiconductor systems. Here, ĤU corresponds to the energy
level difference between the conduction band and the valence band, while ∆U

∑
i n̂i↑n̂i↓ corresponds to

the difference of the effective chemical potential introduced to describe the steady state after the photo-
excitation. [I am not sure what happens for the finite temperatures.]

So we can immediately guess the following cases.

6

Ĥdh,ex = �Jex

X

hi,ji

⌘̂i · ⌘̂j
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1

2
(n̂i � 1)
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Exchange coupling for spins Exchange coupling for doublon-holon

Ĥ = �v

X

hi,ji,�

ĉ
†
i ĉj + ĤU + ĤV
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ĤU = U

X

i

n̂i"n̂i#
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ĤV = V

X

hiji

n̂in̂j
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with U � v, V
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3 site terms

O(U)
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O(v)
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4 One band Extended Hubbard model

4.1 Expression of the effective model

For the Hubbard model, one can obtain the explicit form of the effective model;

Ĥeff =ĤU + Ĥkin,LHB(t) + Ĥkin,UHB(t) + ĤV

+ Ĥ(2)
kin,LHB + Ĥ(2)

kin,UHB + Ĥ(2)
U,shift + Ĥspin,ex + Ĥdh,ex + Ĥ(2)

dh,slide. (29)

ĤU = U
∑

i

n̂i↑n̂i↓ (30)

is the interaction term.

ĤV = V
∑

〈i,j〉

n̂in̂j (31)

is the nearest neighbor interaction term. Note that 〈i, j〉 indicates a pair of i, j of neighboring sites and
order is not accounted.

Ĥkin,LHB(t) = −v
∑

〈i,j〉,σ

n̄i,σ̄(c
†
i,σcj,σ + c†j,σci,σ)n̄j,σ̄, (32)

Ĥkin,UHB(t) = −v
∑

〈i,j〉,σ

ni,σ̄(c
†
i,σcj,σ + c†j,σci,σ)nj,σ̄, (33)

are the leading hopping term of doublons and holons. These terms do not change the number of them.
The meaning of O(v2/U) terms is as follows. Ĥ(2)

kin,LHB describes the hopping of a holon and Ĥ(2)
kin,UHB

describes the hopping of a doublon. Ĥ(2)
U,shift describes the shift of the local interaction U , while Ĥdh,ex

is the exchange coupling of the doublon and holon. Ĥ(2)
dh,slide describes the simultaneous hopping of a

doublon and a holon to the neighboring sites. The expression of each term is as follows. Here, Jex =
4v2

U .

Ĥ(2)
kin,LHB =

v2

U

∑

〈i,j〉,σ

[ ∑

k∈iNN ,k &=j

ni,σ̄cj,σn̄j,σ̄n̄k,σ̄c
†
k,σ +

∑

k∈jNN ,k &=i

nj,σ̄ci,σn̄i,σ̄n̄k,σ̄c
†
k,σ

]

−v2

U

∑

〈i,j〉,σ

[ ∑

k∈iNN ,k &=j

n̄k,σc
†
k,σ̄ci,σ̄c

†
i,σcj,σn̄j,σ̄ +

∑

k∈jNN ,k &=i

n̄k,σc
†
k,σ̄cj,σ̄c

†
j,σci,σn̄i,σ̄

]
(34)

=
v2

U

∑

〈k,i,j〉,σ

[
ni,σ̄cj,σn̄j,σ̄n̄k,σ̄c

†
k,σ + ni,σ̄ck,σn̄k,σ̄n̄j,σ̄c

†
j,σ

]
(35)

−v2

U

∑

〈k,i,j〉,σ

[
n̄k,σc

†
k,σ̄ci,σ̄c

†
i,σcj,σn̄j,σ̄ + n̄j,σc

†
j,σ̄ci,σ̄c

†
i,σck,σn̄k,σ̄

]

Here, 〈k, i, j〉 means that both of (k, i) and (i, j) are a pair of neighbouring sites and k $= j and we do
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dh,slide. (29)

ĤU = U
∑

i

n̂i↑n̂i↓ (30)

is the interaction term.
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U,shift describes the shift of the local interaction U , while Ĥdh,ex
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dh,slide. (29)
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Ĥkin,UHB(t) = −v
∑

〈i,j〉,σ

ni,σ̄(c
†
i,σcj,σ + c†j,σci,σ)nj,σ̄, (33)

are the leading hopping term of doublons and holons. These terms do not change the number of them.
The meaning of O(v2/U) terms is as follows. Ĥ(2)
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dh,slide describes the simultaneous hopping of a

doublon and a holon to the neighboring sites. The expression of each term is as follows. Here, Jex =
4v2

U .
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In the fermionic Hubbard model, doubly occupied states have an exponentially large lifetime for strong

repulsive interactions U. We show that this property can be used to prepare a metastable s-wave superfluid
state for fermionic atoms in optical lattices described by a large-U Hubbard model. When an initial band-

insulating state is expanded, the doubly occupied sites Bose condense. A mapping to the ferromagnetic

Heisenberg model in an external field allows for a reliable solution of the problem. Nearest-neighbor

repulsion and pair hopping are important in stabilizing superfluidity.
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Trapped cold atoms open the possibility to realize new
quantum states of matter and to control them with an
unprecedented precision. An especially exciting perspec-
tive is the possibility to study interacting quantum systems
out of equilibrium. The high tunability in combination with
the slow dynamics of cold atoms allows us to investigate
time-dependent processes, for example, the quench from a
superfluid to a Mott-insulating state [1].

Thermal equilibrium is usually dominated by low-
energy states of the system, while out of equilibrium also
high-energy states can become important. In the contin-
uum, high-energy states typically decay rapidly in the
presence of interactions: High energy implies that the
available phase space for inelastic scattering is large. In
contrast, for lattice systems where the kinetic energy of a
single particle cannot exceed its bandwidth D, a state with
high energy, E " D (e.g., a doubly occupied site in a
strongly repulsive Hubbard model), cannot easily decay.
This is a consequence of energy conservation: To dissipate
the huge energy E, a complex many-particle scattering
process is needed, with at least n * E=D participating
particles. For local two-particle interactions, such pro-
cesses are expected to be exponentially suppressed for
large n (see below). This effect has been directly observed
in measurements of the lifetime of doubly occupied lattices
sites for bosonic 87Rb atoms in an optical lattice [2]:
Starting from a dense cloud of atoms with many doubly
occupied sites, the strength of the trapping potential was
reduced in one direction, allowing the cloud to expand.
Subsequently, many long-lived double occupancies were
detected, with a lifetime exceeding their inverse tunneling
rate by more than 2 orders of magnitude.

The large lifetime of doubly occupied lattice sites im-
plies that one can easily create new metastable states of
matter. Indeed, numerical simulations by Kollath, Läuchli,
and Altman [3] show that metastable states form in the one-
dimensional bosonic Hubbard model for strong repulsion.

An obvious question is whether the doubly occupied
sites will Bose condense. For a bosonic Hubbard model,
this question was investigated by Petrosyan et al. [4], but

the authors found that instead the system will phase-
separate: Because of nearest-neighbor attractive inter-
actions, doubly occupied sites will stick together in-
stead of forming a low-density superfluid. In this Letter,
we will prove that for fermions, in contrast, a Bose con-
densate of spin singlets with s-wave symmetry will form.
Interestingly, the many-particle wave function of the rele-
vant homogeneous metastable superfluid state can be con-
structed in a controlled way. It has been known for a long
time [5,6] that a hidden SU(2) symmetry of the charge
sector [called SUCð2Þ in the following] of the Hubbard
model can be employed to build wave functions with off-
diagonal long-range order (states with so-called ‘‘! pair-
ing’’ [5]). We shall show that these states can easily be
realized just by expanding an atomic cloud in an optical
lattice slowly compared to typical collision times but rap-
idly compared to the exponentially large lifetime of the
doubly occupied states.
The condensation of doubly occupied sites can be de-

tected by measuring the momentum distribution of fermion
pairs [7]. The repulsively bound doubly occupied sites of
the repulsive Hubbard model hop from site to site via
virtual low-energy states. Therefore the sign of their effec-
tive hopping amplitude is reversed compared to bound
pairs in the attractive Hubbard model. This implies that
the condensation occurs at momentum ð";";"Þ [5,6]

FIG. 1 (color online). Schematic plot of the momentum distri-
bution of fermion pairs [7]. For attractive interactions, the
Cooper pairs condense at momentum 0 (and corresponding
reciprocal lattice vectors). In contrast, the metastable supercon-
ductivity of the repulsive Hubbard model arises at momentum
ð%";%";%"Þ.
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Metastable state with doublon or holon

rather than zero, allowing for an unambiguous detection of
this state; see Fig. 1.

Setup.—We consider the fermionic Hubbard model

H ¼ "J
X

hiji;!
cyi!cj! þU

X

i

ni"ni# þ Vt

X

i

r2i ni (1)

on a cubic lattice with a harmonic trapping potential of
strength Vt. Here J is the tunneling rate between neighbor-
ing sites of the optical lattice, U > 12J ¼ D is a strong
repulsive interaction, ni! ¼ cyi!ci!, and ni ¼ ni# þ ni".
The lattice distance a is set to unity.

As argued above, the total number of doubly occupied
sites Nd ¼ P

ini"ni# has an extremely long lifetime, due to
the difficulty in losing the large energy U. This can for-
mally be seen using a well-known unitary transforma-

tion [8,9] H ! ~H ¼ eiSH e"iS, Nd ! ~Nd ¼ eiSNde
"iS,

called the Schrieffer-Wolff transformation. For a given
arbitrary order n, one can explicitly construct [9] a unitary

operator eiSn , such that the commutator ½ ~Nd;
~H % vanishes

exactly up to terms of order 1=Un. This proves that, in the
limit of large U, the lifetime "d of doubly occupied sites
grows faster than any power of U. The underlying physical
reason, the energy bottleneck, has been described in the
introduction. We therefore expect that, for Vt ¼ 0, "d is
exponentially large in U=D.

We consider an initial situation where the atoms are
densely packed, with two atoms per site in the center of
the trap (i.e., a band insulator state), and investigate the
evolution of the system upon reducing the strength Vt (i.e.,
curvature) of the trapping potential [10]. The initial system
is in thermal equilibrium, and we assume vanishing en-
tropy for simplicity (all of the following arguments remain
valid as long as the entropy per particle remains small

compared to unity). The radius of the atomic cloud is rd &
N1=3

d . To avoid a decay of the doubly occupied states by a
conversion of interaction energy into potential energy, the
slope of the trapping potential at the edge of the cloud has
to be small compared to U: 2Vtrd ' U. Taking into ac-
count the Mott-insulating shell forming around the band-
insulating core [11–13], one obtains from this condition the
ratio of the numbers of singly and doubly occupied sites

N1=Nd ( 1=N1=3
d . Nevertheless, the ratio N1=Nd can be

made sufficiently small, such that singly occupied states
can be neglected. Note that this is not required to obtain
Bose condensation of double occupancies but simplifies
the theoretical analysis considerably.

Effective model.—Neglecting singly occupied sites, the
effective Hamiltonian after the Schrieffer-Wolff transfor-
mation [8,9] reads [14] (up to constant contributions)

~H ¼ J2

U

X

hiji
cyi"c

y
i#cj#cj" þ ni"ni#ð1" nj"Þð1" nj#Þ

þ 2Vt

X

i

r2i ni"ni#: (2)

The first term describes the hopping of doubly occupied
sites, and the second an effective interaction. In the pres-
ence of singly occupied sites, the leading correction to (2)
arises [9] from J

P
hiji!ni;"!c

y
i!cj!nj;"!, which describes

an exchange of a doubly and a singly occupied site. This
term can be neglected when the local density of single
occupancies is smaller than J=U. While this is not the case
at the border of the atomic cloud in its initial configuration,
it turns out to be valid in the scaling limit discussed below,
as single occupancies are efficiently diluted when the
trapping potential gets weaker.
It is useful to rewrite (2) in two different ways. First, one

can identify the doubly occupied states with a boson dyi ¼
cyi"c

y
i# such that (up to a constant)

~H ¼ J2

U

X

hiji
dyi dj þ

X

ij

Vijndindj þ 2Vt

X

i

r2i ndi; (3)

with ndi ¼ dyi di. Here Vii ¼ 1 implements a hard-core
constraint, and Vij ¼ "J2=U describes an attraction for
nearest neighbors i and j. Second, one can map the hard-
core bosons to spins [4]. Starting from (2), this can be done
by performing a particle-hole transformation for the down
spins only: cyi" ! ~cyi", c

y
i# ! ð"1Þi~ci#. This maps an empty

site to a spin down and a doubly occupied site to a spin up.
A finite magnetization in the xy plane describes Bose
condensation of pairs of fermions; see below. Identifying
Si ¼ 1

2

P
#$~c

y
i#!#$~ci$ after this transformation, one ob-

tains a ferromagnetic Heisenberg model in a magnetic
field:

~H ¼ " J2

U

X

hiji
Si + Sj þ 2Vt

X

i

r2i S
z
i : (4)

The SU(2) symmetry of the first term in (4) is a direct
consequence of the SUCð2Þ symmetry of the charge sector
of the underlying Hubbard model [5,6]: For Vt ¼ 0 and a
chemical potential % ¼ U=2, H (1) commutes with all
three components of the particle-hole transformed opera-
tors

P
iSi defined above—in the original variables, these

are ð&þ &yÞ=2, ð&" &yÞ=ð2iÞ, and P
iðni " 1Þ=2, with

&y ¼ P
ið"1Þicyi"cyi#.

For Vt ¼ 0, the exact ground state of (4) for fixed
particle density nd is a ferromagnetic state

j!i ¼ e
"i'

P
i

Sxi j""" . . .i ¼ e
"i'2

P
i

ð"1Þiðcy
i"c

y
i#þH:c:Þ

j0i; (5)

where cos' ¼ 1" 2nd fixes the magnetization Sz ¼ nd "
1
2 in the z direction. The rotational symmetry around the z
axis is spontaneously broken, which implies off-diagonal

long-range order hcyi"cyi#i ¼ hdyi i ¼ ð"1Þi
2 sin', with momen-

tum ð(;(;(Þ. The superfluid fraction, defined as
jhdyi ij2=nd, is given exactly by (1" nd) [15].
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densely packed, with two atoms per site in the center of
the trap (i.e., a band insulator state), and investigate the
evolution of the system upon reducing the strength Vt (i.e.,
curvature) of the trapping potential [10]. The initial system
is in thermal equilibrium, and we assume vanishing en-
tropy for simplicity (all of the following arguments remain
valid as long as the entropy per particle remains small

compared to unity). The radius of the atomic cloud is rd &
N1=3

d . To avoid a decay of the doubly occupied states by a
conversion of interaction energy into potential energy, the
slope of the trapping potential at the edge of the cloud has
to be small compared to U: 2Vtrd ' U. Taking into ac-
count the Mott-insulating shell forming around the band-
insulating core [11–13], one obtains from this condition the
ratio of the numbers of singly and doubly occupied sites

N1=Nd ( 1=N1=3
d . Nevertheless, the ratio N1=Nd can be

made sufficiently small, such that singly occupied states
can be neglected. Note that this is not required to obtain
Bose condensation of double occupancies but simplifies
the theoretical analysis considerably.

Effective model.—Neglecting singly occupied sites, the
effective Hamiltonian after the Schrieffer-Wolff transfor-
mation [8,9] reads [14] (up to constant contributions)
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The first term describes the hopping of doubly occupied
sites, and the second an effective interaction. In the pres-
ence of singly occupied sites, the leading correction to (2)
arises [9] from J

P
hiji!ni;"!c

y
i!cj!nj;"!, which describes

an exchange of a doubly and a singly occupied site. This
term can be neglected when the local density of single
occupancies is smaller than J=U. While this is not the case
at the border of the atomic cloud in its initial configuration,
it turns out to be valid in the scaling limit discussed below,
as single occupancies are efficiently diluted when the
trapping potential gets weaker.
It is useful to rewrite (2) in two different ways. First, one

can identify the doubly occupied states with a boson dyi ¼
cyi"c
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i# such that (up to a constant)
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with ndi ¼ dyi di. Here Vii ¼ 1 implements a hard-core
constraint, and Vij ¼ "J2=U describes an attraction for
nearest neighbors i and j. Second, one can map the hard-
core bosons to spins [4]. Starting from (2), this can be done
by performing a particle-hole transformation for the down
spins only: cyi" ! ~cyi", c

y
i# ! ð"1Þi~ci#. This maps an empty

site to a spin down and a doubly occupied site to a spin up.
A finite magnetization in the xy plane describes Bose
condensation of pairs of fermions; see below. Identifying
Si ¼ 1

2

P
#$~c

y
i#!#$~ci$ after this transformation, one ob-

tains a ferromagnetic Heisenberg model in a magnetic
field:
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U

X

hiji
Si + Sj þ 2Vt

X

i

r2i S
z
i : (4)

The SU(2) symmetry of the first term in (4) is a direct
consequence of the SUCð2Þ symmetry of the charge sector
of the underlying Hubbard model [5,6]: For Vt ¼ 0 and a
chemical potential % ¼ U=2, H (1) commutes with all
three components of the particle-hole transformed opera-
tors

P
iSi defined above—in the original variables, these

are ð&þ &yÞ=2, ð&" &yÞ=ð2iÞ, and P
iðni " 1Þ=2, with

&y ¼ P
ið"1Þicyi"cyi#.

For Vt ¼ 0, the exact ground state of (4) for fixed
particle density nd is a ferromagnetic state
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where cos' ¼ 1" 2nd fixes the magnetization Sz ¼ nd "
1
2 in the z direction. The rotational symmetry around the z
axis is spontaneously broken, which implies off-diagonal

long-range order hcyi"cyi#i ¼ hdyi i ¼ ð"1Þi
2 sin', with momen-

tum ð(;(;(Þ. The superfluid fraction, defined as
jhdyi ij2=nd, is given exactly by (1" nd) [15].
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rather than zero, allowing for an unambiguous detection of
this state; see Fig. 1.
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consequence of the SUCð2Þ symmetry of the charge sector
of the underlying Hubbard model [5,6]: For Vt ¼ 0 and a
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16Photo-doped metastable states in 1D ? 

▷ Numerical analysis 
(A tensor network: iTEBD)

▷ Analytical discussion

▷ Intuitive insight into physics of metastable states

Emergent degrees of freedoms by photo-doping lead to intriguing nonequilibrium phases!

Main points

▷ Exact from of wave function of photo-doped states: | i = | GS
SF i| GS

spini
<latexit sha1_base64="z54BmeXcUGQoDFYoJxFA1UDuoJQ="></latexit><latexit sha1_base64="z54BmeXcUGQoDFYoJxFA1UDuoJQ="></latexit><latexit sha1_base64="z54BmeXcUGQoDFYoJxFA1UDuoJQ="></latexit><latexit sha1_base64="z54BmeXcUGQoDFYoJxFA1UDuoJQ="></latexit>

| GS
⌘�spini

<latexit sha1_base64="xHXZy7JGsJ7/xJ8SnNJwbzyDbtk="></latexit><latexit sha1_base64="xHXZy7JGsJ7/xJ8SnNJwbzyDbtk="></latexit><latexit sha1_base64="xHXZy7JGsJ7/xJ8SnNJwbzyDbtk="></latexit><latexit sha1_base64="xHXZy7JGsJ7/xJ8SnNJwbzyDbtk="></latexit>

▷ Spin, charge and η-spin separation

YM, et al., Comm. Phys. 5, 23 (2022).

YM, et al., Phys. Rev. Lett. 130, 106501 (2023).

Quasi-equilibrium approach for 1D extended Hubbard model  
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▷ Extension of Ogata-Shiba state in equilibrium

▷ Spin, charge and η-spin separation

▷ Useful insight into physics

Exact wave function of photo-doped metastable states

Spinless fermion
(Position of Singlons)

Squeezed 
spin space

M. Ogata & H. Shiba, 
PRB 41 2326 (1990).

H
(SQ)
spin
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H
(SQ)
⌘�spin
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HSF,free
<latexit sha1_base64="KQuH0ujTVl9FNEe1ieih4WKJ+Ew="></latexit><latexit sha1_base64="KQuH0ujTVl9FNEe1ieih4WKJ+Ew="></latexit><latexit sha1_base64="KQuH0ujTVl9FNEe1ieih4WKJ+Ew="></latexit><latexit sha1_base64="KQuH0ujTVl9FNEe1ieih4WKJ+Ew="></latexit>

| i = | GS
SF i| GS

spini
<latexit sha1_base64="z54BmeXcUGQoDFYoJxFA1UDuoJQ="></latexit><latexit sha1_base64="z54BmeXcUGQoDFYoJxFA1UDuoJQ="></latexit><latexit sha1_base64="z54BmeXcUGQoDFYoJxFA1UDuoJQ="></latexit><latexit sha1_base64="z54BmeXcUGQoDFYoJxFA1UDuoJQ="></latexit>

| i = | GS
SF i| GS
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Squeezed 
η -spin space

YM, et al., PRL. 130, 106501 (2023).
Wave function @ U à ∞ , V/Jex = const, Teff =0



18Explanation of | i = | GS
SF i| GS

� i| GS
⌘ i
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New expression of states:    

d hh d|
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Hamiltonian for Jex = 0 in the new expression

ÛĤkinÛ
† = �thop
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(ĉ†i ĉj + h.c.)(⌘ ĤSF,free)
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0 th order wave function
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i.e. Degeneracy of 
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is determined by degenerate perturbation theory

Û
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Spinless fermion
(Position of Singlons)

Squeezed 
spin space

Squeezed 
η -spin space

L: System size
Ns: Number of singly occupied sites
Nη: Number of doublons and holons

YM, et al., PRL. 130, 106501 (2023).

L sites L sites Ns sites Nη sites
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JQii BMbmH�iQ` /2b+`B#2/ #v Ĥe↵ BM i?2 HBKBi Jex ! 0X h?2
T?�b2 #QmM/�`v U#H�+F bQHB/ HBM2V +Q``2bTQM/b iQ �M al(2)

bvKK2i`B+ TQBMi Q7 Ĥ(SQ)
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▷ spin and η-spin are separated
▷ Exchange couplings are renormalized
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⌘�spin- BX2X V/Jex = ỹ�ỹ0
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Ĥ
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ỹ = n⌘ �
sin2(⇡n⌘)

⇡2n⌘
, ỹ
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i = (�)iĉi"ĉi# �M/ ⌘̂

z
i = 1

2 (n̂i �
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In the fermionic Hubbard model, doubly occupied states have an exponentially large lifetime for strong

repulsive interactions U. We show that this property can be used to prepare a metastable s-wave superfluid
state for fermionic atoms in optical lattices described by a large-U Hubbard model. When an initial band-

insulating state is expanded, the doubly occupied sites Bose condense. A mapping to the ferromagnetic

Heisenberg model in an external field allows for a reliable solution of the problem. Nearest-neighbor

repulsion and pair hopping are important in stabilizing superfluidity.
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Trapped cold atoms open the possibility to realize new
quantum states of matter and to control them with an
unprecedented precision. An especially exciting perspec-
tive is the possibility to study interacting quantum systems
out of equilibrium. The high tunability in combination with
the slow dynamics of cold atoms allows us to investigate
time-dependent processes, for example, the quench from a
superfluid to a Mott-insulating state [1].

Thermal equilibrium is usually dominated by low-
energy states of the system, while out of equilibrium also
high-energy states can become important. In the contin-
uum, high-energy states typically decay rapidly in the
presence of interactions: High energy implies that the
available phase space for inelastic scattering is large. In
contrast, for lattice systems where the kinetic energy of a
single particle cannot exceed its bandwidth D, a state with
high energy, E " D (e.g., a doubly occupied site in a
strongly repulsive Hubbard model), cannot easily decay.
This is a consequence of energy conservation: To dissipate
the huge energy E, a complex many-particle scattering
process is needed, with at least n * E=D participating
particles. For local two-particle interactions, such pro-
cesses are expected to be exponentially suppressed for
large n (see below). This effect has been directly observed
in measurements of the lifetime of doubly occupied lattices
sites for bosonic 87Rb atoms in an optical lattice [2]:
Starting from a dense cloud of atoms with many doubly
occupied sites, the strength of the trapping potential was
reduced in one direction, allowing the cloud to expand.
Subsequently, many long-lived double occupancies were
detected, with a lifetime exceeding their inverse tunneling
rate by more than 2 orders of magnitude.

The large lifetime of doubly occupied lattice sites im-
plies that one can easily create new metastable states of
matter. Indeed, numerical simulations by Kollath, Läuchli,
and Altman [3] show that metastable states form in the one-
dimensional bosonic Hubbard model for strong repulsion.

An obvious question is whether the doubly occupied
sites will Bose condense. For a bosonic Hubbard model,
this question was investigated by Petrosyan et al. [4], but

the authors found that instead the system will phase-
separate: Because of nearest-neighbor attractive inter-
actions, doubly occupied sites will stick together in-
stead of forming a low-density superfluid. In this Letter,
we will prove that for fermions, in contrast, a Bose con-
densate of spin singlets with s-wave symmetry will form.
Interestingly, the many-particle wave function of the rele-
vant homogeneous metastable superfluid state can be con-
structed in a controlled way. It has been known for a long
time [5,6] that a hidden SU(2) symmetry of the charge
sector [called SUCð2Þ in the following] of the Hubbard
model can be employed to build wave functions with off-
diagonal long-range order (states with so-called ‘‘! pair-
ing’’ [5]). We shall show that these states can easily be
realized just by expanding an atomic cloud in an optical
lattice slowly compared to typical collision times but rap-
idly compared to the exponentially large lifetime of the
doubly occupied states.
The condensation of doubly occupied sites can be de-

tected by measuring the momentum distribution of fermion
pairs [7]. The repulsively bound doubly occupied sites of
the repulsive Hubbard model hop from site to site via
virtual low-energy states. Therefore the sign of their effec-
tive hopping amplitude is reversed compared to bound
pairs in the attractive Hubbard model. This implies that
the condensation occurs at momentum ð";";"Þ [5,6]

FIG. 1 (color online). Schematic plot of the momentum distri-
bution of fermion pairs [7]. For attractive interactions, the
Cooper pairs condense at momentum 0 (and corresponding
reciprocal lattice vectors). In contrast, the metastable supercon-
ductivity of the repulsive Hubbard model arises at momentum
ð%";%";%"Þ.
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JZ > JX : Gapful phase of the XXZ model

CDW state with slowly decaying  

※ Long range order in the squeezed η spin space

String type order

�charge(r) ⌘ h⌘̂z(r)⌘̂z(0)i
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JQii BMbmH�iQ` /2b+`B#2/ #v Ĥe↵ BM i?2 HBKBi Jex ! 0X h?2
T?�b2 #QmM/�`v U#H�+F bQHB/ HBM2V +Q``2bTQM/b iQ �M al(2)

bvKK2i`B+ TQBMi Q7 Ĥ(SQ)
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ỹ
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T�`iB+mH�`- i?2 j@bBi2 i2`K Bb 7QmM/ iQ 7�pQ` i?2 ⌘@T�B`BM;
T?�b2X

h?2 2t�+i 7Q`K Q7 i?2 r�p2 7mM+iBQM �HHQrb mb iQ
2p�Hm�i2 i?2 �bvKTiQiB+ #2?�pBQ` Q7 i?2 +Q``2H�iBQM
7mM+iBQMb �M�HviB+�HHv Q` MmK2`B+�HHvX >2`2 r2 2t@
i2M/ i?2 �M�Hvb2b 7Q` bTBM +Q``2H�iBQMb Q7 i?2 2[mBHB#@
`BmK >m##�`/ KQ/2H (ej- e9)X aBM+2 i?2 bTBM +Q``2@
H�iBQMb Q7 i?2 K2i�bi�#H2 bi�i2 �`2 i?2 b�K2 �b i?Qb2
7Q` i?2 2[mBHB#`BmK >m##�`/ KQ/2H- BX2X hŝa(r)ŝa(0)i /
cos(⇡nsr)r�

3
2 (ln r)

1
2 - r2 7Q+mb QM i?2 ⌘@bTBM +Q``2H�iBQM

7mM+iBQMb �⌘,a(r)X LQi2 i?�i /2bTBi2 i?2 �TT�`2Mi bBKB@
H�`Biv #2ir22M i?2 b[m22x2/ bTBM �M/ ⌘ bT�+2 i?2`2 �`2
+`m+B�H /Bz2`2M+2b BM i?2 T�B`BM; +Q``2H�iBQMbX lbBM; 2t@
T`2bbBQM U8V- i?2 +Q``2H�iBQM 7mM+iBQMb �`2 2tT`2bb2/ �b

�⌘,a(r) =
r+1X

m=2

Q̄
r
SF(m)�(SQ)

⌘,a (m� 1). UeV

>2`2 Q̄
r
SF(m) = hˆ̄n0 ˆ̄nr�(

Pr
l=0

ˆ̄nl � m)iSF- r?B+? Bb /2@
i2`KBM2/ #v | GS

SF i- Bb i?2 T`Q#�#BHBiv i?�i i?2 bvb@
i2K ?�b m /Qm#HQMb Q` ?QHQMb BM [0, r]X �

(SQ)
⌘,a (m) =

h⌘̂a(m)⌘̂a(0)i⌘�spin,squeezed Bb i?2 +Q``2H�iBQM 7mM+iBQM BM
i?2 b[m22x2/ ⌘@bTBM bT�+2X LmK2`B+�HHv- Q̄

r
SF(m) �M/

�
(SQ)
⌘,a (m) +�M #2 2{+B2MiHv 2p�Hm�i2/ BM i?2 i?2`KQ/v@

M�KB+ HBKBiX q2 mb2 i?2 2tT`2bbBQM 7Q` i?2 6Qm`B2` +QK@
TQM2Mib �M/ T2`7Q`K �M BMp2`b2 6Qm`B2` i`�Mb7Q`K�iBQM iQ
Q#i�BM Q̄

r
SF(m) (8y- e9)- r?BH2 i?2 BM}MBi2 iBK2@2pQHpBM;

#HQ+F /2+BK�iBQM UBh1".V (e8) 7Q` i?2 ssw KQ/2H +�M
#2 mb2/ iQ +�H+mH�i2 �

(SQ)
⌘,a (m)X JQ`2Qp2`- r2 +�M �HbQ

No doping Full doping 

Phase diagram of the photo-doped states at Teff =0
Uà∞ phase diagram @ half-filling

Boundary 
for Heff2

nd (=0.5nη)

iTEBD results for Heff2 with Jex =0.4

▷ 3 site terms favor η pairing phase 
▷ Analytic argument well explains numerically obtained phase diagram for Heff2 (no 3 site terms)
▷ Picture at Uà∞ works well even for finite U

nη (photo-doping level)
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H
(SQ)
spin
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SF i| GS
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▷ Charge (SF) sector: gapless

▷ Spin sector: gapless

▷ η-spin sector: η pairing à gapless
CDW à gapful

Total central charge (c) 〜 Number of massless modes

η pairing: c=3 ?  &  CDW: c=2 ?
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8

K2i�bi�#H2 bi�i2 TQbb2bb2b i?`22 /2;`22b Q7 7`22/QKbX h?2
r�p2 7mM+iBQMb Q7 i?2 +?�`;2 �M/ bTBM b2+iQ`b �`2 i?Qb2 Q7
;�TH2bb bi�i2b UBX2X /QT2/ 7`22 72`KBQMb �M/ i?2 BbQi`QTB+
>2Bb2M#2`; KQ/2HV- r?BH2 i?�i Q7 i?2 ⌘@bTBM b2+iQ` +Q`@
`2bTQM/b iQ i?2 ;�TH2bb bi�i2 Q` i?2 ;�T7mH bi�i2 Q7 i?2
⌘@ssw KQ/2H 7Q` i?2 ⌘@T�B`BM; bi�i2 �M/ i?2 *.q bi�i2-
`2bT2+iBp2HvX h?mb- QM2 M�im`�HHv 2tT2+ib i?�i c = 3 BM
i?2 ⌘@T�B`BM; bi�i2 �M/ c = 2 BM i?2 *.q bi�i2X hQ +QM@
}`K i?Bb- r2 T2`7Q`K Bh1". bBKmH�iBQMb QM i?2 2z2+iBp2
KQ/2H Ĥe↵2 7Q` p�`BQmb +mi@Qz /BK2MbBQM UDV �M/ 2ti`�+i
c 7`QK i?2 `2H�iBQM (dy)

SE =
c

6
ln(⇠D) + s0. U3V

>2`2 SE Bb i?2 2Mi�M;H2K2Mi 2Mi`QTv- s0 Bb � +QMbi�Mi
�M/ ⇠D Bb i?2 +Q``2H�iBQM H2M;i? 2p�Hm�i2/ 7`QK i?2
b2+QM/@H�`;2bi 2B;2Mp�Hm2 Q7 i?2 i`�Mb72` K�i`Bt- b22 aJX
AM 6B;X 9- r2 b?Qr i?2 +2Mi`�H +?�`;2 7Q` Ĥe↵2 rBi?
Jex = 0.4- r?B+? Bb 2ti`�+i2/ mbBM; 1[X U3V �M/ i?2 HBM@
2�` }i Q7 i?2 Bh1". `2bmHib (b22 i?2 BMb2i Q7 6B;X 9)X h?2
`2bmHib BM/22/ +QM}`K i?2 �#Qp2 2tT2+i�iBQMX q2 2KT?�@
bBx2 i?�i i?2 2K2`;2M+2 Q7 � c = 3 bi�i2 BM i?2 >m##�`/
KQ/2H Bb ?�`/Hv 2tT2+i2/ BM 2[mBHB#`BmK �M/ `2~2+ib i?2
K2i�bi�#H2 M�im`2 Q7 i?2 bi�i2X

*QM+HmbBQMĜ q2 b?Qr2/ i?�i i?2 �//BiBQM�H /2;`22b Q7
7`22/QK �+iBp�i2/ #v T?QiQ@/QTBM; H2�/ iQ T2+mHB�` ivT2b
Q7 [m�MimK HB[mB/b �#b2Mi BM 2[mBHB#`BmKX AM T�`iB+mH�`-
r2 `2p2�H2/ i?2 BMi`B;mBM; bi`m+im`2 Q7 i?2 +Q``2H�iBQMb
#2ir22M �+iBp2 /2;`22b Q7 7`22/QK BM T?QiQ@/QT2/ QM2@
/BK2MbBQM�H bi`QM;Hv +Q``2H�i2/ bvbi2Kb- BX2X i?2 bTBM@
+?�`;2@⌘@bTBM b2T�`�iBQMX Pm` `2bmHib QT2M � M2r �p2Mm2
7Q` bim/vBM; K2i�bi�#H2 bi�i2b BM QM2@/BK2MbBQM�H bvb@
i2Kb �M/ `�Bb2 BMi2`2biBM; [m2biBQMbX 6B`biHv- BM +QMi`�bi
iQ i?2 2[mBHB#`BmK >m##�`/ KQ/2H- i?2 r2�F +QmTHBM;
`2;BK2 Bb MQi r2HH@/2}M2/- �M/ i?2 `2H�iBQM #2ir22M i?2
H�iiB+2 KQ/2H �M/ i?2 +Q``2bTQM/BM; +QM7Q`K�H }2H/ i?2@
Q`v Bb MQi +H2�`X *QMbi`m+iBQM Q7 i?2 }2H/ i?2Q`v 7Q` i?2
K2i�bi�#H2 bi�i2b Bb �M BKTQ`i�Mi 7mim`2 i�bFX a2+QM/Hv-
r2 T`QpB/2 � `B;Q`Qmb #�bBb 7Q` i?2 7mim`2 /2p2HQTK2Mi
Q7 � #QbQMBx�iBQM �TT`Q�+?X qBi? bm+? �M �TT`Q�+?- QM2
+�M #2ii2` mM/2`bi�M/ i?2 bT2+i`�H 72�im`2b Q7 i?2 T?QiQ@
/QT2/ bvbi2Kb �M/ i?2 BKTHB+�iBQMb Q7 i?2 bTBM@+?�`;2@⌘@
bTBM b2T�`�iBQM 7Q` /vM�KB+�H T`QT2`iB2bX h?B`/Hv- p�`@
BQmb +QM+2Tib /2p2HQT2/ 7Q` QM2@/BK2MbBQM�H bvbi2Kb BM
2[mBHB#`BmK +�M #2 2ti2M/2/ iQ mM/2`bi�M/ i?2 T?vbB+b
Q7 K2i�bi�#H2 bi�i2bX 6Q` 2t�KTH2- 2ti2M/BM; i?2 bTBM
BM+Q?2`2Mi GmiiBM;2` HB[mB/b (dR) K�v #2 ?2HT7mH 7Q` mM@
/2`bi�M/BM; 2z2+iBp2Hv +QH/- #mi MQi mHi`�+QH/ bvbi2KbX

6BM�HHv #mi MQi H2�bi- Qm` �M�HviB+�H �M/ BMimBiBp2 BM@
bB;?ib T`QpB/2 � mb27mH `272`2M+2 7Q` i?2 bim/v Q7 T?QiQ@
/QT2/ JQii BMbmH�iQ`b BM ?B;?2` /BK2MbBQMb- r?2`2 i?2
b2T�`�iBQM Q7 bTBM- +?�`;2 �M/ ⌘@bTBM Bb MQi 2tT2+i2/- #mi
� +`QbbQp2` 7`QK ?B;?@/BK2MbBQM�H iQ QM2@/BK2MbBQM�H #2@
?�pBQ` +�M Q++m` BM �MBbQi`QTB+ bvbi2KbX

q2 i?�MF _X �`Bi� 7Q` BMbTB`BM; +QKK2Mib �M/ �X CX
JBHHBb- wX amM- .X :QH2ʈ �M/ .X "�2`BbrvH 7Q` 7`mBi@

7mH /Bb+mbbBQMbX h?Bb rQ`F r�b bmTTQ`i2/ #v :`�Mi@
BM@�B/ 7Q` a+B2MiB}+ _2b2�`+? 7`QK CaSa- E�E1L>A
:`�Mi LQbX CSkyER99Rk UuXJXV- CSkR>y8yRd UuXJXV-
kREyj9Rk UaX hXV- CSR3ERj8yN UhXEXV CSky>yR39N
UhXEXV- Cah *_1ah :`�Mi LQX CSJC*_RNyR UuXJXV-
CSJC*_RNhj UuX JX �M/ aX hXV- �M/ 1_* *QMbQHB/�iQ`
:`�Mi LQX dk9Ryj USXqXVX

(R) JX AK�/�- �X 6mDBKQ`B- �M/ uX hQFm`�- _2pX JQ/X S?vbX
dy- RyjN URNN3VX

(k) 1X .�;QiiQ- _2pX JQ/X S?vbX ee- dej URNN9VX
(j) S?vbB+b _2TQ`ib 9e8- R Ukyy3VX
(9) *X :B�MM2iiB- JX *�TQM2- .X 6�mbiB- JX 6�#`BxBQ-

6X S�`KB;B�MB- �M/ .X JB?�BHQpB+- �/p�M+2b BM S?vbB+b
e8- 83 UkyReVX

(8) .X LX "�bQp- _X .X �p2`Bii- �M/ .X >bB2?- L�im`2 J�@
i2`B�Hb Re- Rydd UkyRdVX

(e) �X /2 H� hQ``2- .X JX E2MM2b- JX *H��bb2M- aX :2`#2`-
CX qX J+Ap2`- �M/ JX �X a2Mi27- _2pX JQ/X S?vbX Nj-
y9Ryyk UkykRVX

(d) aX EQb?B?�`�- hX Ab?BF�r�- uX PFBKQiQ- EX PM/�-
_X 6mF�v�- JX >�/�- uX >�v�b?B- aX Ab?B?�`�- �M/
hX Gmiv- S?vbB+b _2TQ`ib N9k- R UkykkVX

(3) aX Ar�B- JX PMQ- �X J�2/�- >X J�ibmx�FB- >X EBb?B/�-
>X PF�KQiQ- �M/ uX hQFm`�- S?vbX _2pX G2iiX NR- y8d9yR
UkyyjVX

(N) >X PF�KQiQ- >X J�ibmx�FB- hX q�F�#�v�b?B- uX h�F�@
?�b?B- �M/ hX >�b2;�r�- S?vbX _2pX G2iiX N3- yjd9yR
UkyydVX

(Ry) �X h�F�?�b?B- >X AiQ?- �M/ JX �B?�`�- S?vbX _2pX " dd-
ky8Ry8 Ukyy3VX

(RR) >X PF�KQiQ- hX JBv�;Q2- EX EQ#�v�b?B- >X l2Km`�-
>X LBb?BQF�- >X J�ibmx�FB- �X a�r�- �M/ uX hQFm`�-
S?vbX _2pX " 3k- yey8Rj UkyRyVX

(Rk) JX 1+Fbi2BM �M/ SX q2`M2`- S?vbX _2pX G2iiX RRy- Rke9yR
UkyRjVX

(Rj) aX 1DBK�- 6X G�M;2- �M/ >X 62?bF2- S?vbX _2pX _2b2�`+?
9- GyRkyRk UkykkVX

(R9) >X J�ibmx�FB- JX Ar�i�- hX JBv�KQiQ- hX h2`�b?B;2-
EX Ar�MQ- aX h�F�Bb?B- JX h�F�Km`�- aX EmK�;�B-
JX u�K�b?Bi�- _X h�F�?�b?B- uX q�F�#�v�b?B- �M/
>X PF�KQiQ- S?vbX _2pX G2iiX RRj- yNe9yj UkyR9VX

(R8) GX aiQD+?2pbF�- AX o�bFBpbFvB- hX J2`i2HD- SX Emb�`-
.X ap2iBM- aX "`�xQpbFBB- �M/ .X JB?�BHQpB+- a+B2M+2 j99-
Rdd UkyR9VX

(Re) >X Gm- aX aQi�- >X J�ibm2/�- CX "QMÍ�- �M/ hX hQ?v�K�-
S?vbX _2pX G2iiX RyN- RNd9yR UkyRkVX

(Rd) .X �7�M�bB2p- �X :�iBHQp�- .X CX :`Q2M2M/BDF- "X �X
Ap�MQp- JX :B#2`i- aX :�`B;HBQ- CX J2MiBMF- CX GB-
LX .�b�`B- JX 1+Fbi2BM- hX _�bBM;- �X .X *�pB;HB�- �M/
�X oX EBK2H- S?vbX _2pX s N- ykRyky UkyRNVX

(R3) CX GB- >X lX _X ai`�M/- SX q2`M2`- �M/ JX 1+Fbi2BM-
L�im`2 *QKKmMB+�iBQMb N- 983R UkyR3VX

(RN) �X _Qb+?- .X _�b+?- "X "BMx- �M/ JX oQDi�- S?vbX _2pX
G2iiX RyR- ke8jyR Ukyy3VX

(ky) hX amxmFB- hX aQK2v�- hX >�b?BKQiQ- aX JB+?BK�2-
JX q�i�M�#2- JX 6mDBb�r�- hX E�M�B- LX Ab?BB- CX Ai�i�MB-
aX E�b�?�`�- uX J�ibm/�- hX a?B#�m+?B- EX PF�x�FB- �M/
aX a?BM- *QKKmMB+�iBQMb S?vbB+b k- RR8 UkyRNVX

c: central charge
D: cut-off dimension
ξD: correlation length at D
SE: entanglement entropy at D η pairing CDW

Jex = 0.4

η pairing: c=3   &  CDW: c=2

J. A. Kjäll, et al., PRB 87,
235106 (2013). 

c=3 in single-band Hubbard model is not expected in equilibrium 

Emergence of extra degrees of freedom by photo-doping!

Scaling analysis



24Naïve expectation of single-particle spectrum

Equilibrium doped system

Photo-doped system

Electron = charge (SF) degree + spin degree

Electron = charge (SF) degree + spin degree + η spin degree

Gapless around Fermi level

η pairing phase : Gapless around Fermi level ?
CDW phase : Gapful around Fermi level ?

η pairing: gapless
CDW: gapful

gaplessgapless

gaplessgapless

Ak(!) = � 1

⇡
ImGR

k (!)
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Gk(t, t
0) = �ihT ck(t)c

†
k(t

0)i
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with



25Single particle spectra for η pairing state and CDW state

No gap close to the Fermi level

Finite Gap at the Fermi level

Gapless SC

cf. DMFT J. Li et al, Mod. Phys. Lett B (2022)

Fermi levels

η pairing state

CDW



26Summary
Large gap Mott system

Upper 
Hubbard band

Lower
Hubbard band

Upper 
Hubbard band

Lower
Hubbard band

Approximate conservation
of charge carriers

Quasi  steady states

▷ Intuitive insight into physics of metastable states

Emergent degrees of freedoms by photo-doping lead to intriguing nonequilibrium phases!

YM, et al., Comm. Phys. 5, 23 (2022):

YM, et al., PRL. 130, 106501 (2023).

Photo-doped states in 1D extended Hubbard model  

▷ Extension of Ogata-Shiba state in equilibrium : | i = | GS
SF i| GS

spini
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| GS
⌘�spini
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▷ Spin, charge and η-spin separation

Review on nonequilibrium Mott insulators: YM, D Golež, M Eckstein, P Werner, arXiv:2310.05201
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Supplement
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η-PAIRED SUPERCONDUCTING HIDDEN PHASE IN … PHYSICAL REVIEW B 102, 165136 (2020)
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FIG. 1. (a) Spectral function A(ω) and occupied density of states
A<(ω) at µb = 5.4, which corresponds to the data point labeled
by the arrow in (b). The dashed green curve indicates the equilib-
rium (µb = 0.0, # = 0.05) spectral function for βeq = 100. The blue
curve shows the density of states of the baths, while their fillings
at µb = 5.4 are shown as shaded areas. Dashed black lines indicate
A(ω) fFD(ω), with a Fermi distribution fFD of inverse temperature
βeff = 7.7901 and chemical potential µ = µb. (b) Susceptibility of
both η and s-wave SC pairing as a function of double occupancy.
# = 0.05 and βb = 100. The equilibrium (d ∼ 0.01) is indicated by
the vertical dashed line.

low temperature due to the difficulty of precisely controlling
βeff in these regimes.

Close to the equilibrium half-filled state d ∼ 0 (d ≈ 0.01
for the shown parameters), we have also sketched the an-
tiferromagnetic phase, which is known to persist for weak
photodoping but is quickly destroyed due to the doublon
(hole) hopping processes [41–43]. (DMFT gives a stabil-
ity range of d ! 0.05 for the antiferromagnetic phase under
photodoping in the same model [35].) Apparently, the η-
pairing phase persists under photodoping over a much larger
doping range d as compared to antiferromagnetism.

A. The universality of photodoped η-paired phases

To explain the phenomenology, we first note that the
η-pairing order parameter can be expanded into three
pseudospin components spanning the charge-sector SU (2)
symmetry: η+

i = ηx
i + iηy

i = θid
†
i↑d†

i↓, η− = (η+)†, and ηz
i =

1
2 (ni − 1), where θi = ±1 on the two sublattices. The η-
pairing phase can then be explained by a superexchange
mechanism between the η pseudospins. In fact, for U & t0,
one can project out doublon-hole creation and recombina-

FIG. 2. Nonequilibrium phase diagram of the repulsive Hubbard
model at U = 8 under photodoping. The data points show the sus-
ceptibility χη along scans through the phase diagram, obtained by
varying the inverse temperature of the auxiliary bath at # = 0.05 and
different µb from βb = 100.0, 50.0, 33.3, 20.0, to 17.2. The phase
boundary is only schematic (χη ∼ 103) and a guide to the eye. The
negative temperature region is obtained from the positive one by
reflection. The region close to equilibrium does not extend to d = 0
but is limited by the double occupancy of the equilibrium state.

tion processes using a Schrieffer-Wolff transformation [26,44]
and obtain a two-liquid model where a doublon-hole liquid
with exchange interaction −

∑
〈i j〉 Jexηi · η j couples (through

doublon/holon hopping) to a singlon liquid with AFM ex-
change interaction

∑
〈i j〉 JexSi · S j . Specifically, the effective

Hamiltonian reads,

H eff = −
∑

〈i j〉
Jexηi · η j +

∑

〈i j〉
JexSi · S j

− t0
∑

〈i j〉σ
[P id

†
iσ d jσ P j + Pid

†
iσ d jσP j], (3)

which includes both exchange interactions and a hopping
term that “exchanges” the position of a pair of neighboring
doublons/holons and singlons. The operator Pi represents the
projection to the doublon-holon subspace of site i spanned
by |0〉 and |↑↓〉 and P̄ = 1 − P . This effective model is
a generalization of the t-J model, which is derived in the
Appendix. The two exchange interactions share the same cou-
pling constant Jex = 2t2

0 /U and thus are closely related. The
η-exchange interaction originates from a virtual process ex-
changing a neighboring doublon-hole pair, see the Appendix
for more details. This model therefore explains both the an-
tiferromagnetic phase at d ∼ 0 and the η pairing at d ∼ 0.5.
The above-mentioned universal photodoped state is, indeed,
rigorously defined by this model. A photodoped Mott insu-
lator is then characterized by a mixture of doublons/holons
carrying η-pseudopin and localized electrons carrying spin.
We further note that, in a chemically doped Mott insulator,
only one type of the charge excitations (doublon or holon)
exists and the η-exchange term −Jexη

+
i η−

j + H.c. vanishes.
Furthermore, a particle-hole transformation di↑ →

d̃i↑, di↓ → (−1)id̃†
i↓ maps charge to spin (ηi → S̃i) and
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FIG. 6. Simulation results for the η-pairing self-consistency con-
dition (8) (top panel) and the usual s-wave pairing self-consistency
(7) (bottom panel) for U = 9 and initial inverse temperature β = 5,
with an applied staggered or uniform pair field of 0.001 (solid lines).
The red curve shows the superconducting order parameter, the black
curve the double occupation, and the blue curve the current induced
by a short and weak probe field pulse applied at t = 108, divided
by the vector potential of the field after the pulse. Dashed red lines
indicate the order parameter induced by a short and weak pair field
pulse at t = 62, in a simulation without constant pair field. The gray
lines in the upper panel show the evolution of the order parameter for
pulse duration >200.

pulse applied to the system at t = 108, in the η-paired state.
The current is divided by the vector potential after the pulse,
Afinal = −

∫ ∞
0 ds E (s) = −0.02, so that the constant value in

the long-time limit represents the delta function contribution
to the optical conductivity. The nondecaying current is another
direct proof of the superconducting nature of the photoin-
duced η-paired state.

For comparison, we also show in the lower panel the
results obtained for the usual s-wave superconducting self-
consistency loop, for otherwise identical parameters and
fields. In this case the order parameter is only slightly en-
hanced (too little to claim a spontaneous symmetry breaking)
and the current induced by the electric field pulse applied to
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η-SC
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FIG. 7. Results for the model with next-nearest-neighbor hop-
ping vNNN

system = 0.25vNN
system. The top panel shows the double occupa-

tion and η-pairing order parameter during and after the symmetric
cooling-by-photodoping process. The interaction strength is U = 9,
the initial inverse temperature β = 5, and the applied staggered pair
field is 0.001. The dashed red line indicates the order parameter
induced by a weak pair field pulse at t = 62 in a simulation without
constant pair field, and the blue curve the current induced by a short
and weak probe field pulse applied at t = 108, divided by the vector
potential of the field after the pulse. Gray lines indicate the evolution
of the order parameter for pulse duration >160. The bottom panel
shows the spectral function and population measured after the end
of the pulse (t = 110), as well as the distribution function A</A and
a fit to a Fermi function in the energy region of the upper Hubbard
band.

the system is very small and quickly decays back to zero.
Also the order parameter in the simulation with the weak pair
field pulse (dashed red line) decays back to zero. Therefore,
a photodoped state with a positive effective temperature and
a large density of doublons and holons is not susceptible to
conventional s-wave pairing, but to η pairing [51].

We have also simulated a system with next-nearest-
neighbor hopping equal to one-quarter of the nearest-neighbor
hopping, vNNN

system/vNN
system = 0.25. The results for a similar pulse

form as in the previous figure are shown in Fig. 7. An η-paired
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U → −U . The sign reversal of U is equivalent to the effect of
negative temperature (a highly excited state with completely
inverted charge distribution in the energy spectrum, see
Ref. [45] for more details), leading to a negative temperature
phase diagram which may be realized through strong external
driving [46], see the lower half of Fig. 2. Hence, the
η-pairing phase is dual to a ferromagnetic state, with singly
occupied sites mapped to charge excitations, which also
explains its larger stability in terms of the stability of a
ferromagnetic phase against defects. Indeed, the hopping of
charge excitations in the FM phase does not create strings
of defects in the ordered background, in contrast to the
AFM phase, where this effect contributes significantly to the
destruction of staggered spin ordering [41,43].

Finally, we also checked that the η-pairing phase survives
in the presence of small (particle-hole) symmetry-breaking
terms in the Hamiltonian, as one expects for a symmetry-
breaking phase. In particular, all conclusions survive under a
next-to-nearest-neighbor hopping t1 = 0.1t0. Different U and
g are also studied, which give no qualitatively different results.

Since the bath coupling in the above discussion is weak
and does not selectively favor the η-pairing phase, the lat-
ter should be an intrinsic property of the photodoped state
and thus be accessible in real time with any protocol which
realizes strong photodoping at low Teff and breaks the con-
servation of 〈η〉. This is fundamentally different from the
previous works requiring specific properties of the driving and
the SO(4) symmetry protection [20–23,47]. We demonstrate
the universality of our steady-state theory by considering two
real-time protocols. Firstly, we consider the resonant excita-
tion of doublon-hole pairs induced by an electric pulse in a
Hubbard model coupled to bosonic baths, which leads to sig-
nificantly enhanced χη = 15 up to the maximum simulation
time. Better results can be obtained by coupling the Hubbard
bands to external narrow bands, e.g., core levels, which cool
down the electrons by absorbing large amounts of entropy
(evaporative-cooling effect) [32]. In this case we observed
a symmetry breaking η-paired phase which remains beyond
t ∼ 100 [45], see Appendix D for more details.

B. Optical signature of the η-paired phase

In this section, we study the superconducting optical
response of the hidden phase. In DMFT, the optical con-
ductivity can be evaluated from the current-current ( j- j)
correlation function χ j j (t, t ′) = δ j(t )/δA(t ′) with σ (ω) =
−iχ j j (ω)/(ω + i0+) in the steady state [48], see the Appendix
for detailed discussions. As shown in Fig. 3, the equilib-
rium system features a Mott gap of size ∼U as expected.
Strong photodoping with d ∼ 0.4 gives rise to a broad Drude
peak in Re σ (ω) (ω > 0), implying normal metallic behav-
ior. More interestingly, a negative conductivity is observed at
ω ∼ U for Re σ . This can be attributed to the recombination
of doublon-hole pairs under periodic driving. The η-pairing
phase is, on the other hand, characterized by a clear 1/ω
behavior in the imaginary part Im σ at small ω, in contrast
to the normal phase where Im σ (0) = 0. In this case, a delta
function peak Re σ (ω) ∼ πDδ(ω) is imposed by analyticity
(not shown in the plot), where we define the SC Drude weight
D = − Re χ j j (0). This delta function peak leads to the zero

FIG. 3. (a) Real and (b) imaginary part of the optical conduc-
tivity. The dark blue dashed curves correspond to an equilibrium
paramagnetic state with β = 100. The light blue curves and the red
curves characterize the two states labeled by red (η state, βb = 100)
and blue arrows (normal state, βb = 17.2) in Fig. 2, respectively.
A delta function peak at ω = 0, present in the SC phase, is not
shown. Both normal and η states have µb = 5.4. For all three curves
( = 0.05 and U = 8.0 are assumed. The inset shows a 1/ω scaling
of the imaginary part of the optical conductivity.

resistivity effect. In addition, the zero-frequency j- j corre-
lation χ j j (0) '= 0 results in the London equation j = −DA,
where D is identified with the phase stiffness 〈δ2H/δA2〉
[17,49].

We observe that the results obtained with different proto-
cols (both real-time and steady-state) for different doublon
densities, different βeff , and different U collapse onto a single
line when

√
UD is plotted against the order parameter |η|

in Fig. 4. (The deviation of the steady-state data at large η
may be attributed to nonthermal effects induced by the bath
coupling.) This indicates a scaling behavior D ∼ |η|2/U and
can be explained by the two-liquid effective model. The phase
stiffness can be evaluated to be D = 4Jex〈ηi · η j〉 ) 4Jex|η|2
for neighboring sites i, j, see the Appendix for a detailed
derivation. The η-SC hidden phases are, therefore, universally
supported by the intrinsic doublon-holon pairing mechanism.
More interestingly, the phase stiffness corresponds to short-
range correlations 〈ηi · η j〉 and may be observable under much

 0
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√
U
D

η order

U = 9, Γ = 0.075
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FIG. 4.
√

UD as a function of η pairing. The rescaling is in-
tended to demonstrate the D ∝ η2/U scaling. The real-time results
for U = 9 and 18 are obtained using the entropy-cooling protocol
(ii), where external narrow bands are coupled up to about t ≈ 100
and then detached, leaving behind an η-pairing phase. A supercon-
ducting current j is then created by a short electric pulse satisfying
A = −

∫
dtE (t ) ≈ −0.020 to measure D. The dashed line is the

mean-field prediction for the phase stiffness.
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SF and spin part is independent of the ra2o between Nh and Nd.

Chemical doping and photo-doping have the same effect on spin correlations

cf. DMFT results

insulator in a weak transverse field of strength Bx and
obtain an estimate jJcexj ¼ jBx=4hSxij by comparing the
canting hSxi of spins to the prediction from a rigid
macrospin model, Eq. (5), in the static limit (blue solid
disks). We choose Bx ¼ 0.64t20=U, such that the canting
angle at low temperature is about 10 degrees for all U. At
large U, we find excellent agreement between Jaex, J0ex, and
Jcex, where deviations between Jcex and Jaex are on the order
of ðt0=UÞ2, which also confirms the validity of the DMFT
approximation for studying exchange interactions. For
smaller U, the deviation of J0ex from Jcex becomes more
pronounced, up to 25% at U ¼ 4. The differences between
the two expressions of Eqs. (4) and (5) may have several
possible origins: (i) At small values of U, the rigid
macrospin model is no longer valid, because retardation
effects in Aðt; t0Þ become relevant, (ii) vertex corrections to
Eq. (2) become important, or (iii) J0ex is a nearest-neighbor
interaction while Eq. (5) also takes into account next-
nearest-neighbor terms. Below, we will study nonequili-
brium exchange at large values of U. Nevertheless, for
moderate U, where retardation effects to the exchange
become important, we can still use Eq. (5) as a heuristic
measure for Jex, in the sense that it is the best estimate of an
instantaneous exchange interaction which is in accordance
with an observed spin dynamics.
Next, we investigate how fast Jex can be modified under

electronic nonequilibrium conditions, which we generate
by suddenly changing U. It was recently demonstrated
that after such an interaction quench the order parameter
m quickly relaxes to a quasistationary but nonthermal
value [17] that is protected from further decay by the slow
recombination rate of doublons and holes [28–31]. This
transient state resembles properties of a photodoped
system in which charge carriers are created by a short
laser pulse. We will refer to the induced change of the
doublon and hole densities d and h with respect to their

equilibrium values d0 and h0 as photodoping
Δn ¼ dþ h − d0 − h0 ¼ 2ðd − d0Þ. The inset of Fig. 2
shows the evolution of the time-dependent nonequili-
brium exchange interaction (solid line) and order param-
eter (dashed line) for a quench U ¼ 4 → 8. [A Gaussian
window expð−s2=w2Þ of length w ¼ 10t0=π was used in
Eq. (3) to ensure a smooth cutoff of the upper integration
limit.] We find that jJ0exj, like m, becomes stationary
already on an electronic time scale, which shows the
emergence of a spin Hamiltonian on the time scale of a
few tens of inverse hoppings.
To study how effective Jex is modified, we evaluate it in

the quasistationary state after different excitation strengths
ΔU ¼ Uf −Ui ¼ 0;…; 4, with final Uf ¼ 8. The result is
shown by red open circles in Fig. 2 as a function of “photo-
doping” Δn, demonstrating a reduction of Jex to a value
significantly below the equilibrium difference J0exðUiÞ−
J0exðUfÞ. The results are independent of a Gaussian cutoff
in Eq. (3) for w ¼ 60t0=π. Only for the largest ΔU do we
find a slight dependence on w that indicates that J0ex is not
yet fully stationary. Furthermore, the blue lines in Fig. 2
show the equilibrium exchange interaction at chemical
doping for different temperatures. These results confirm
the conclusions obtained from analyzing the electronic
spectrum [17], that properties of the photodoped state with
added doublons and holes resemble those of the chemically
doped state with the same total number of carriers: Adding
doublons and holes causes an ultrafast weakening, or
“quenching” of the exchange interaction by an amount
comparable to that of chemical doping. Qualitatively, the
weakening of the antiferromagnetic exchange can result
from a lowering of the kinetic energy of mobile carriers in
a parallel spin alignment (for U ¼ ∞ and small doping
ferromagnetism is favored [32]).
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FIG. 1 (color online). Bare exchange interaction as function of
temperature for different values U, computed from the formula
Eq. (4) (red open circles) and from the canted geometry Eq. (5)
(blue solid disks). For large U the calculations show excellent
agreement with the analytical result jJaexj ¼ 2t20=U indicated with
dashed lines.
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FIG. 2 (color online). Comparison of the nonequilibrium
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state after an interaction quench ΔU in the Bethe lattice with
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model (solid symbols) for U ¼ 8 and different temperatures.
The inset shows the bare time-dependent exchange
interaction (solid line) and staggered magnetization (dashed
line) caused by the quench U ¼ 4 → 8.
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▷ Quasi-long range order

▷ Boundary of ηSC and CDW ≒ V=Jex/2
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nd (Doublon per site)

Special kinemaFcs of doublons and holons in one dimensional system
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FIG. 4. (a) Photoelectron intensity map as a function of energy
and pump-probe delay time for 2.5-eV pump energy; the population
in the UHB region is seen to decay very rapidly. (b) Horizontal
cut through the UHB and MHE regions. The UHB (cyan) shows
a nearly symmetric time trace that implies a population decay of
less than 200 fs The MHE (red) shows an asymmetric trace with a
time constant of ∼300 fs, determined by the fit to an exponentially
modified Gaussian (black). The inset shows the population of the
MHE at longer delays extending the time axis of the main plot out to
∼8 ps.

creation of long-lived nonthermal populations in solids will
require special conditions.

B. Time-resolved 2PPE of excited state population
dynamics in α-RuCl3

The 2PPE intensity as a function of pump-probe delay time
for 2.5-eV pump energy is shown in Fig. 4(a). The region at
about 1.0–1.5 eV above the Fermi level is associated with the
UHB as described in the previous section. Intensity in this
energy range only exists for a very short time indicating rapid
relaxation of the doublon population. Temporal line traces
show this ultrafast dynamics in Fig. 4(b), which includes a cut
through the peak of the UHB at ∼1.5 eV. This time trace has
only a very small asymmetry. Thus, precise quantification the
UHB population decay time constant is not possible by fitting
an exponentially modified Gaussian, as is often the approach
in 2PPE experiments. However, based on the peak width, we
can say that the decay of the doublon population in the UHB
occurs significantly faster than 200 fs, which is approximately
the half-width of the pump-probe temporal cross correlation.

This ultrafast timescale for doublon population decay in
the UHB is initially unexpected for such a large-gap Mott
insulator. Previous 2PPE studies of the smaller-gap 1T-TaS2
showed ultrafast doublon decay of less than 20 fs, but this
timescale could be rationalized based on the small gap and
the involvement of defects [50]. In contrast, the energy scale
set by the large gap in RuCl3 should lead to significant bottle-
necks in decay since low-energy elementary excitations like
phonons or magnons cannot efficiently relax populations at
these scales. This consideration is essentially identical to the
analysis leading to the prediction [21,22] of very long doublon
lifetimes in the Hubbard model that was ultimately confirmed
in cold atom experiments [51].

One way to evade the bottleneck established by the
large Mott gap in α-RuCl3 is to consider the existence of
lower-energy states within the Mott gap. The most obvious
lower-energy excitation in α-RuCl3 is the previously assigned
excitonic band at ∼1.1-eV excitation energy [4]. We consider
a very likely explanation for the observed rapid population de-
cay in the UHB to be formation of MHEs by direct Coulomb

interactions between the initially excited doublons and holons.
Indeed, we see that for times after 200 fs when the inten-
sity in the UHB energy range has disappeared, there is still
photoelectron intensity at lower energies in a broad secondary
distribution. However, we cannot resolve the sequential trans-
fer of energy that would be identifiable as a temporal offset
between the two time traces. The temporal offset that we ob-
serve in Fig. 4(b) can be attributed to finite resolution effects
[52].

In principle, it possible to directly resolve excitonic bands
in semiconductors with 2PPE, such as recently reported for
Cu2O where the excitons form very close in energy to the
conduction-band edge [53]. In addition, the formation of ex-
citons from an initial transient population of free charges has
been reported for organic semiconductors via 2PPE measure-
ments [54] and ultrafast exciton ionization in GaAs has been
quantified with extraordinary time resolution [55]. In RuCl3,
we cannot directly resolve the exciton band as a distinct
spectral feature in our 2PPE measurements due to the high
work function and large exciton binding energy. However, we
can indirectly assess the dynamics of the excitonic states via
their influence on the hot secondary distribution. This distri-
bution should include some population from the high-energy
tail of the excitonic (called the α peak) observed in optical
spectra [4]. We use the dynamical data shown in Fig. 4(a)
to address the dynamics of the lower-energy hot electron
populations that arise via photoemission from the excitonic
states.

Figure 4(b) and its inset show time traces at lower energy of
∼0.7 eV above the Fermi level, which is well below the UHB
spectral feature so that the only states available to excited
electrons are in the excitonic band. In this energy range, fitting
the 2PPE time trace to an exponentially modified Gaussian
gives two different time constants. A statistical analysis of 45
different samples yields an average fast time constant of 370
± 90 fs, where the error bars represent the standard deviation
of 45 separate time scans similar to that in Fig. 4(b) mea-
sured on different sample positions. The order of magnitude
of this timescale is consistent with relaxation via Coulomb
interaction and/or energy exchange with lattice phonons [33].
We assign this relaxation as the “cooling” of excitons in the
high-energy part of the excitonic band, which is a well-known
process particularly for excitation energies well above the gap
[56]. Since these quasiparticles are created by hot carriers in
the UHB and the LHB, it is reasonable to assert that some
relaxation will occur on very short timescales after they are
initially created.

A much longer timescale is also evident in Fig. 4(b) and
its inset that is longer than the laser repetition rate in our
experiments (corresponding to 4 µs and leading to a weak
signal at negative time delays; see Supplemental Material, Fig.
S2 [29]). We have also extended the pump-probe delay out to
∼500 ps and not found any significant decay of the population
offset indicated in Fig. 4(b). This shows the presence of a
very long-lived exciton population. While we cannot quantify
the precise population lifetime from these measurements, the
negative time-delay signal in Fig. S2 shows that it is very
long and that some excitations persist for ∼4 µs. Very similar
long-lived excitations were proposed to explain 2PPE mea-
surements of the large-gap Mott insulator UO2 [57]. For this
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FIG. 6. Schematic illustration of the energy scales and relax-
ation timescales of the important photoexcitations revealed in our
experiments. The pink ovals represent doublons which are tran-
siently created in the UHB. In addition, the blue ovals show the
corresponding holes created in the LHB (not directly observed in
our experiments). The free carriers rapidly evolve to MHEs through
Coulomb binding of doublons to holons. After a brief population
relaxation by energy transfer to other degrees of freedom (exciton
cooling) the MHEs persist for very long times (>500 ps).

IV. SUMMARY AND CONCLUSIONS

In summary, we have carried out time-resolved studies
of several aspects of photoexcitation dynamics in the spin-
orbit assisted Mott insulator α-RuCl3. We observe a transient
population of doublons in the upper Hubbard band that has
internally thermalized on timescales too rapid to quantify in
our experiments. This population decays in less than 200
fs into a lower-energy population assigned as Mott-Hubbard
excitons. After a fast relaxation where the MHEs cool by
exchanging energy with phonons and remnant free carriers,
the MHE population is stable for very long times of up to
at least 500 ps. Complementary transient reflection measure-
ments confirm directly that these timescales are associated
with the excitonic band in α-RuCl3 at ∼1.1-eV excitation

energy. The long lifetime of the MHEs is consistent with
several recent theoretical predictions for exciton dynamics in
Mott insulators [13,24]. The sequence of events controlling
photoexcitation dynamics proposed from our study is illus-
trated schematically in Fig. 6. Not shown in this schematic is
the possible stabilizing influence of low-energy species such
as phonons or magnons that might contribute to the ultimate
value of the MHE lifetime.

The existence of very long-lived photoexcitations in this
correlated solid is significant in the search for nonequilibrium
phases in quantum materials. First, the many-body channel of
MHE formation and relaxation precludes realizing the predic-
tion of long-lived doublons in this Mott insulator. We expect
similar complexities to be present in other materials, noting
especially the similarity to UO2 [57]. This channel would
have to be suppressed, for example, if one wanted to enhance
pairing interactions in photoexcited materials for supercon-
ducting applications [64]. However, our observations suggest
that we shift attention from the possibility of long-lived dou-
blons to long-lived Mott-Hubbard excitons. This could be
an interesting context to consider nonequilibrium materials
phases such as electron-hole liquids [65] where transient con-
trol of excitation density can create new phases with unique
optical and electronic properties. It will be exciting to see what
new properties can be realized in photoexcited materials with
strong electronic correlations.
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Repulsively bound atom pairs in an optical lattice
K. Winkler1, G. Thalhammer1, F. Lang1, R. Grimm1,3, J. Hecker Denschlag1, A. J. Daley2,3, A. Kantian2,3,
H. P. Büchler2,3 & P. Zoller2,3

Throughout physics, stable composite objects are usually formed
by way of attractive forces, which allow the constituents to lower
their energy by binding together. Repulsive forces separate par-
ticles in free space. However, in a structured environment such as a
periodic potential and in the absence of dissipation, stable com-
posite objects can exist even for repulsive interactions. Here we
report the observation of such an exotic bound state, which
comprises a pair of ultracold rubidium atoms in an optical lattice.
Consistent with our theoretical analysis, these repulsively bound
pairs exhibit long lifetimes, even under conditions when they
collide with one another. Signatures of the pairs are also recog-
nized in the characteristic momentum distribution and through
spectroscopic measurements. There is no analogue in traditional
condensed matter systems of such repulsively bound pairs, owing
to the presence of strong decay channels. Our results exemplify the
strong correspondence between the optical lattice physics of
ultracold bosonic atoms and the Bose–Hubbard model1,2—a link
that is vital for future applications of these systems to the study of
strongly correlated condensed matter and to quantum
information.
Cold atoms loaded into a three-dimensional (3D) optical lattice

provide a realization of a quantum lattice gas1,2. An optical lattice can
be generated by pairs of counterpropagating laser beams, where the
resulting standing wave intensity pattern forms a periodic array of
microtraps for the cold atoms, with period a given by half the
wavelength of the light, l/2. The periodicity of the potential gives
rise to a band structure for the atom dynamics with Bloch bands
separated by bandgaps, which can be controlled by the laser param-
eters and beam configuration. The dynamics of ultracold atoms
loaded into the lowest band of a sufficiently deep optical lattice is well
described by the Bose–Hubbard model with hamiltonian1,3:

Ĥ¼2J
ki;jl

X
b̂
†

i b̂j þ
U

2 i

X
n̂iðn̂i 2 1Þþ

i

X
1in̂i ð1Þ

Here b̂i (b̂i
†) are destruction (creation) operators for the bosonic

atoms at site i, and n̂i ¼ b̂i
† b̂i is the corresponding number operator.

J/" denotes the nearest-neighbour tunnelling rate, U the on-site
collisional energy shift, and 1i the background potential. The high
degree of control available over the parameters in this system—for
example, changing the relative values ofU and J by varying the lattice
depth, V0—has led to seminal experiments on strongly correlated
gases in optical lattices. These experiments include the study of
the superfluid–Mott insulator transition4, the realization of one-
dimensional (1D) quantum liquids with atomic gases5,6 (see also refs
7 and 8), and the investigation of disordered systems9. 3D optical
lattices have also opened new avenues in cold collision physics and
chemistry10–13.
A striking prediction of the Bose–Hubbard hamiltonian (equation

(1)) is the existence of stable repulsively bound atom pairs. These are
most intuitively understood for strong repulsive interaction

jUj .. J, U . 0, where an example of such a pair is a state of two
atoms occupying a single site, j2il ; ðb̂†2i jvaclÞ=

ffiffiffi
2

p
, where jvacl is the

vacuum state. This state has a potential energy offset U with respect
to states where the atoms are separated (Fig. 1a). The pair is unable to
decay by converting the potential energy into kinetic energy, as the
Bloch band allows a maximum kinetic energy for two atoms given by
8J, twice its width. The pair can move around the lattice, with both
atoms tunnelling to a neighbouring site (Fig. 1b), but the atoms
cannot move independently. The stability of repulsively bound pairs
is intimately connected with the absence of dissipation, in contrast to
solid state lattices, for example, where interactions with phonons
typically lead to rapid relaxation.
We obtain experimental evidence for repulsively bound pairs with

a sample of ultracold 87Rb atoms in a cubic 3D optical lattice with
lattice period a ¼ 415.22 nm. The key tool used to prepare and
observe the pairs is their adiabatic conversion into chemically

LETTERS

Figure 1 | Atom pairs in an optical lattice. a, Repulsive interaction
(scattering length a . 0) between two atoms sharing a lattice site in the
lowest band (n ¼ 0) gives rise to an interaction energyU. Breaking up of the
pair is suppressed owing to the lattice band structure and energy
conservation. b, The pair is a composite object that can tunnel through the
lattice. c, Long lifetime of repulsively bound atom pairs that are held in a 3D
optical lattice. The potential depth is (10 ^ 0.5)E r in one direction and
(35 ^ 1.5)E r in the perpendicular directions. Shown is the remaining
fraction of pairs for a scattering length of 100a0 (open diamonds; a0 is the
Bohr radius) and a scattering length of about (0 ^ 10)a0 (filled circles) as a
function of the hold time. The lines are fitted curves of an exponential
(dashed line) and the sum of two exponentials (solid line).
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temperature-dependent relaxation rate 1/τ of the high energy part of the PES against SNN
2  (Fig. 4c). We observe a 

linear scaling in the intermediate temperature range, which leads to a main result of our work, namely that the 
inverse relaxation time can be taken as a measure of spin-correlations in the paramagnetic phase. (In agreement 
with this, a single-site DMFT simulation, which does not capture non-local spin "uctuations at all, would produce 
almost no net redistribution of spectral weight from high to low energies on the timescale of Fig. 2). #e satura-
tion and maximum of the relaxation time at large temperatures (small SNN) can be interpreted as a deviation from 
the simple spin picture. In agreement with this, we observe at these temperatures a slight $lling-in of the gap (see 
Fig. 1a), and the saturation e%ect is shi&ed to larger temperatures as the interaction is increased from U =  10 to 
U =  15 (Fig. 4c).

Another important feature is the dependence of the relaxation time on the excitation density. For large "uences 
we observe a rapid decrease of spin-correlations a&er the pulse (Fig. 4b) due to spin-"ips by photo-induced dou-
blons and holes. Consistent with this observation and the dependence of the relaxation time on spin-correlations, 
we observe an increase of τ with "uence (Fig. 4a, inset). (With the melting of short-range spin-"uctuations, also 
the spectral function around the Hubbard peaks becomes similar to the high-temperature spectral function, 
cf. Fig. 5). An order of magnitude estimate shows that a melting of short-range spin correlations at the given 
excitation density can be expected: For an excitation density of Nex =  4.5% (E0 =  14) and a bandwidth of W =  10, 
photo-excitation can provide an energy of 0.5 per spin, which is comparable to the temperature scale set by the 
exchange energy, on which spin correlations decrease (cf. Fig. 1b). In contrast, the heating of lattice phonons in 
pump-probe experiments is usually much less than that of the electrons, due to their larger heat capacity. Hence 
the pronounced "uence dependence of the relaxation behavior due to the disordering of spins may help to distin-
guish spin "uctuations from other relaxation processes, such as phonons.

While we have so far looked at the relaxation of the PES at high energies, it is worthwhile to brie"y discuss how 
the measured relaxation time depends on the observable. Within the simulated time window the time-evolution 
of the weight I(ω, t) is not an exponential relaxation for all frequencies (Fig. 3). At intermediate frequencies, e.g., 
weight is scattered both into and out of the states, leading to a non-monotonous time-evolution. For the same rea-
son, also the time-evolution of averaged quantities such as the kinetic energy is not purely exponential, although 
the relaxation of these quantities also re"ects the slow-down with increasing temperature.

Doped Mott insulator. Finally, we brie"y discuss the e%ect of doping on the relaxation rates. At $nite hole 
doping δ one would enter the pseudo-gap or superconducting regime at low temperature, where a simple approx-
imation like NCA becomes less reliable. However, an important qualitative e%ect of doping can already be seen 
at high-temperature: Fig. 6 shows that the high-energy relaxation time rapidly decreases with doping, to a few 
inverse hoppings. #is is opposite to the e%ect of spin-correlations, since spin-correlations generally get reduced 
with increasing δ. #e reason for this doping evolution is that for $nite δ, additional mobile carriers provide an 
additional relaxation channel, in which a large number of chemically-doped carriers with low kinetic energy 
exchange energy with fewer photo-doped carriers.

Conclusion
In conclusion, we have used the nonequilibrium extension of DCA to study the e%ect of non-local spin cor-
relations in the paramagnetic Mott phase of the Hubbard model on the relaxation of photo-doped carriers. 

Figure 2. Momentum- and time-resolved photo-emission spectrum Ik(ω, t). #e results are for an undoped 
Mott insulator with U =  12 at low temperature T =  0.1 (panels (a–c)) and high temperature T =  1 (panels (d–f)), for 
three di%erent times. #e momentum k is varied along a path π π πΓ = ( , ) → = ( , ) → = ( , ) → ΓM X0 0 0  
though the Brillouin zone. #e pump-pulse amplitude is E0 =  6, corresponding to an excitation density Nex ≈  0.9%. 
#e color map is constant (yellow) for all intensities I >  0.02; a linear color scale cannot resolve the very di%erent 
weight of the lower Hubbard band at ω <  0 and the photo-induced occupations in the upper Hubbard band  
at ω >  0.
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Our results show that the relaxation times of high-energy photo-doped carriers, measured by the decay of the 
photo-emission signal close to the upper edge of the Hubbard band, re!ect the short-range spin correlations in 
the paramagnetic phase. Taking parameters appropriate for cuprates, the relaxation times range from ≈ 10–20 fs 
for low temperatures to ≈ 200 fs when spin correlations are suppressed. (Even for the lowest temperatures studied 
here, intra-cluster spin correlation decay rapidly within the cluster, which justi"es the approximation of the 2 ×  2 
cluster. At lower temperature, spin correlations range over many lattice sites, and one may expect even shorter 
relaxation times.) At large !uence the transfer of energy from the electrons to the spins can substantially decrease 
the short-range !uctuations and thus quench the ultra-fast spin-charge relaxation channel. #is shows that the 
!uence dependence can help to distinguish the relaxation due to spin !uctuations from other bosonic modes in 
an experiment. In future studies, it will be interesting to resolve the momentum and time dependent scattering at 
lower energies (which requires slightly longer simulation times), to see how not only nearest-neighbor spin cor-
relations, but more generally the full momentum and frequency dependence of spin !uctuations may be obtained 
from the time-resolved photoemission (or two-photon photoemission) spectrum. More generally, our results 
show that short-range spin correlations act as a dissipative environment for mobile carriers, which may also be 
probed in cold atom experiments.

Methods
Nonequilibrium DCA. To solve the dynamics in the Hubbard model (1) we employ the nonequilibrium 
formulation of DCA. As for nonequilibrium DMFT24,25, the generalization of DCA to the time-domain can be 
done on a formal level by extending the theory from a Matsubara formalism to a Keldysh formalism41, and we 
restrict the discussion to issues relevant for the implementation of the approach in the strong-coupling regime. 
(For an introduction to the Keldysh formalism, and explanations concerning the notation for Keldysh Green’s 
functions, self-energies and Dyson equations, the reader is referred to ref. 25). #e Brillouin zone of the lattice is 
divided into Lc patches PK, which in our case will be the patches around the high-symmetry points 

π π π π∈ ( , ), ( , ), ( , ), ( , )K { 0 0 0 0 }. The lattice self-energy is approximated by a coarse-grained function 
Σ ( , ′) = ∑ Θ Σ ( , ′),t t t tk K K k K  which is piecewise constant, i.e., Θ =, 1K k  if ∈k PK  and 0 otherwise. #e values 
ΣK  are obtained from an e%ective cluster model that consists of 2 ×  2 =  Lc sites embedded in a self-consistent 
bath. Formulated in momentum space, the action on the Keldysh contour is given by

∫ ∫ ∑= − ( ) − ′ ∆ ( , ′) ,
( )σ

σ σ
†i dtH t i dtdt c t t c

3K
K K KcS

C C

∑ ∑= + ( ) ,
( )σ

σ σ
, ′,

↑ + ↑ ′↓ ′− ↓
† † †H U

L
c c c c t c c

4K K Q
K K Q K K Q

K
K K Kc

c
�

where ∆ K is the hybridization with the bath, and � �( ) = ∑ ( )∈t tK k P K
L
L K

c  is the patch-averaged dispersion (which 
is time-dependent in the presence of electric "elds). From the cluster model we compute the patch Green’s func-
tions �( , ′) = − ( ) ( ′)†G t t i T c t c tK K K  and the patch self-energy Σ ( , ′)t tK  which are related by the Dyson equation 

µ( , ′) = ∂ + − ( ) − ∆ ( , ′) − Σ ( , ′)−G t t i t t t t tK K K Kt
1 � . Momentum-dependent lattice Green’s functions are 

Figure 3. Time dependent energy distribution of the photo-carriers. (a–c) time-dependent photo-
emission spectrum in the upper Hubbard band, for three di%erent temperatures. (Half-"lled insulator at 
U =  12, amplitude E0 =  6, Nex ≈  0.9%). (d) PES weight integrated in the high-energy window 9 ≤  ω ≤  10 for 
various temperatures. #e solid lines are exponential "ts. (e) Frequency dependence of the relaxation for low 
temperatures, T =  0.1. #ese curves are normalized at t =  5.
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temperature-dependent relaxation rate 1/τ of the high energy part of the PES against SNN
2  (Fig. 4c). We observe a 

linear scaling in the intermediate temperature range, which leads to a main result of our work, namely that the 
inverse relaxation time can be taken as a measure of spin-correlations in the paramagnetic phase. (In agreement 
with this, a single-site DMFT simulation, which does not capture non-local spin "uctuations at all, would produce 
almost no net redistribution of spectral weight from high to low energies on the timescale of Fig. 2). #e satura-
tion and maximum of the relaxation time at large temperatures (small SNN) can be interpreted as a deviation from 
the simple spin picture. In agreement with this, we observe at these temperatures a slight $lling-in of the gap (see 
Fig. 1a), and the saturation e%ect is shi&ed to larger temperatures as the interaction is increased from U =  10 to 
U =  15 (Fig. 4c).

Another important feature is the dependence of the relaxation time on the excitation density. For large "uences 
we observe a rapid decrease of spin-correlations a&er the pulse (Fig. 4b) due to spin-"ips by photo-induced dou-
blons and holes. Consistent with this observation and the dependence of the relaxation time on spin-correlations, 
we observe an increase of τ with "uence (Fig. 4a, inset). (With the melting of short-range spin-"uctuations, also 
the spectral function around the Hubbard peaks becomes similar to the high-temperature spectral function, 
cf. Fig. 5). An order of magnitude estimate shows that a melting of short-range spin correlations at the given 
excitation density can be expected: For an excitation density of Nex =  4.5% (E0 =  14) and a bandwidth of W =  10, 
photo-excitation can provide an energy of 0.5 per spin, which is comparable to the temperature scale set by the 
exchange energy, on which spin correlations decrease (cf. Fig. 1b). In contrast, the heating of lattice phonons in 
pump-probe experiments is usually much less than that of the electrons, due to their larger heat capacity. Hence 
the pronounced "uence dependence of the relaxation behavior due to the disordering of spins may help to distin-
guish spin "uctuations from other relaxation processes, such as phonons.

While we have so far looked at the relaxation of the PES at high energies, it is worthwhile to brie"y discuss how 
the measured relaxation time depends on the observable. Within the simulated time window the time-evolution 
of the weight I(ω, t) is not an exponential relaxation for all frequencies (Fig. 3). At intermediate frequencies, e.g., 
weight is scattered both into and out of the states, leading to a non-monotonous time-evolution. For the same rea-
son, also the time-evolution of averaged quantities such as the kinetic energy is not purely exponential, although 
the relaxation of these quantities also re"ects the slow-down with increasing temperature.

Doped Mott insulator. Finally, we brie"y discuss the e%ect of doping on the relaxation rates. At $nite hole 
doping δ one would enter the pseudo-gap or superconducting regime at low temperature, where a simple approx-
imation like NCA becomes less reliable. However, an important qualitative e%ect of doping can already be seen 
at high-temperature: Fig. 6 shows that the high-energy relaxation time rapidly decreases with doping, to a few 
inverse hoppings. #is is opposite to the e%ect of spin-correlations, since spin-correlations generally get reduced 
with increasing δ. #e reason for this doping evolution is that for $nite δ, additional mobile carriers provide an 
additional relaxation channel, in which a large number of chemically-doped carriers with low kinetic energy 
exchange energy with fewer photo-doped carriers.

Conclusion
In conclusion, we have used the nonequilibrium extension of DCA to study the e%ect of non-local spin cor-
relations in the paramagnetic Mott phase of the Hubbard model on the relaxation of photo-doped carriers. 

Figure 2. Momentum- and time-resolved photo-emission spectrum Ik(ω, t). #e results are for an undoped 
Mott insulator with U =  12 at low temperature T =  0.1 (panels (a–c)) and high temperature T =  1 (panels (d–f)), for 
three di%erent times. #e momentum k is varied along a path π π πΓ = ( , ) → = ( , ) → = ( , ) → ΓM X0 0 0  
though the Brillouin zone. #e pump-pulse amplitude is E0 =  6, corresponding to an excitation density Nex ≈  0.9%. 
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weight of the lower Hubbard band at ω <  0 and the photo-induced occupations in the upper Hubbard band  
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FIG. 4. Charge excitations induced in the one-band Hubbard model through fermion-bath coupling. Lines with colors from blue to red
show occupied density of states −iG<(ω) in the upper Hubbard band (for minority spin). The blue areas indicate the shape and position of the
baths. Different panels show the distribution for baths with different shapes (square or semielliptic) and offsets V . The colors from blue to red
correspond to increasing bath couplings. The dark-red line A(ω) indicates the spectrum function of the upper Hubbard band of the minority
spin. The panel of transient states shows the distribution created by an electric pulse in the real-time DMFT simulation. The E0 is varied from
0.1, 0.2, ..., 0.6. For the steady states, the damping " = (a) 0.2, 0.4, . . . , 1.8 × 10−4, (b) 0.2, 0.4, . . . , 1.2 × 10−5, (c) 0.2, 0.4, . . . , 1.8 × 10−4,
(d) 0.2, 0.4, . . . , 1.4 × 10−5, (e) 0.4, 0.6, . . . , 2 × 10−6.

change V and " to sample this function, see the symbols
in Fig. 5. Although the evaluation of Teff rather sensitively
depends on numerical errors, the figure clearly implies the
possible existence of a single-valued Sz(Teff , nex), suggesting
the stationary photodoped states can be parametrized by nex
and Teff . Because a similarity between photodoped and chem-
ically doped (equilibrium) Mott insulators has been discussed
in previous works [27,57], it is also worthwhile to show
in Fig. 5 the corresponding equilibrium function Seq

z (T, nex)
which is controlled by temperature and chemical potential and
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FIG. 5. The antiferromagnetic order parameter Sz(Teff , nex ) in
equilibrium and nonequilibrium. In this plot, we have chosen U =
8.0 and β = 12.5 for the equilibrium reference system in an antifer-
romagnetic phase. The points show Sz in the nonequilibrium steady
state with " = 0.5, 1.0, . . . , 5.0 × 10−7, plotted against nex and Teff

as defined in the text. The surface shows equilibrium Sz for different
temperatures and chemical potentials. In the equilibrium case, we
define nex = 1

2 |n↑ + n↓ − 1|. The factor 1/2 is introduced to fairly
compare with the bath-doped system where both doublon and holons
are present.

is plotted as the surface in Fig. 5 for comparison. Also here we
note a similarity that will be analyzed below.

C. Spectral function and distribution

To quantitatively confirm the existence of a “single-valued”
manifold of states, we note that, in addition to the reduction
of Sz, the presence of charge excitations also significantly
changes the single-particle spectral function [58], which
can have important consequences for the optical properties
[59–62]. Indeed, the hopping of doublons and holons in an
AFM background leads to trails of defects, resulting in energy
transfer into the ordered local-spin moments [25,63]. This
process has two consequences: (i) the AFM order dynami-
cally obtains energy from the charge excitations, leading to
increase of the “spin temperature” and a (partial) melting
of the order; (ii) doublons and holes experience an effective
potential proportional to their hopping distance and hybridize
with magnons to form stringlike excitations [64–68], giving
rise to so-called spin-polaron peaks in the spectral function
[58]. These peaks already appeared in Fig. 1(b).

This allows for a unique opportunity to quantitatively com-
pare the stationary and transient photodoped states. Indeed,
one should expect that a similar parametrization of (Teff , nex)
should exist for the transient photodoped states, and for the
same parameters, the spectral function A(ω) and the occu-
pied density of states −iG<(ω) = 2πA(ω) f (ω) should also
be the same for the stationary and transient photodoped states
if the steady-state theory is valid. For this reason, a series
of stationary photodoped states are obtained by varying ",
finally reaching nex = 0.0148 and Sz = 0.370, with spectral
functions plotted in Fig. 6. The spectral functions are com-
pared against a transient state of nex = 0.0149, Sz = 0.367 in
the long time limit, which is excited by the electric pulse
described above. Upon increasing ", the spin polaron peaks
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FIG. 6. (a) Spectral function A(ω) and (b) occupied spectrum
A(ω) f (ω) under various bath coupling "/10−5 = 0.5, 1.0, . . . , 4.5
from blue to red. The dashed line is the result of real-time simula-
tion. It roughly fits the red curve with " = 4.5 × 10−5. The inset of
(b) compares the real-time solution, the steady state with square bath
coupling, and the equilibrium state of β = 11.2 at half filling, which
all have rather close AFM order parameters. W = 1.0 and V = 1.8
are used for the bath-coupled steady-state system.

for the stationary states damp out more and more strongly
and, at " = 4.5 × 10−5, they eventually become identical to
the transient state (black dashed line). Moreover, the same
result is obtained when square baths are used to excite the
system, as indicated by the Green curves in Fig. 6(b). With the
same nex and Sz, the system always shows essentially identical
spectral function and distribution of charge excitations, which
confirms the single-valuedness of the mapping Sz(Teff , nex),
as the distribution in Fig. 6(b) determines the Teff . We stress
that the observation is physically reasonable because a bath
coupling " down to 10−5t0 should not affect most of the
fast electronic processes in the photodoped system, such as
doublon (holon) scattering and the charge-spin interaction.

In addition, we compare both the transient and stationary
photodoped states with an equilibrium state at half filling
with a similar spin order Sz = 0.368. This state is reached
by increasing temperature to β = 11.7. As shown in the inset
of Fig. 6(b), the equilibrium spectrum is distinct from the
nonequilibrium cases. This indicates that the temperature ef-
fect alone cannot explain the spectral features of a photodoped
system, and the presence of nonthermal charge excitations is
crucial to describe the photodoping physics. This has already
been noted in Ref. [27], by comparing chemically doped to
photodoped states. Finally, it is worth noting that, although
we showed the stationary photodoped states are reasonable
approximations of the corresponding transient states, it re-
mains an open question whether the manifold of stationary

states cover all the physical scenarios under appropriate bath
parameters.

V. PHOTODOPING IN A TWO-BAND MOTT INSULATOR

So far we have concentrated on the photodoped one-band
Mott insulator, while multiple bands are often relevant to
the ultrafast dynamics in experimental systems. Indeed, the
steady-state theory carried out here provides a promising tool
to access the long-time behavior of these multiband sys-
tems, due to a significant reduction of computational costs.
In this section, we will not concentrate on a systematic
interpretation of the numerical results but will mainly demon-
strate the steady-state theory indeed provides insights beyond
the state-of-the-art real-time simulations. We consider one
paradigmatic example, the photodoping in a three-quarter
filled (n = 3) two-band Hubbard model with eg orbital de-
generacy and cubic lattice symmetry. This model is widely
used to study the intertwined orders in transition metal com-
pounds, in particular the spin and orbital ordering in KCuF3,
and is shown to form a hidden phase under photodoping
[30]. The model corresponds to a two-orbital tight-binding
Hamiltonian on a cubic lattice with onsite Coulomb interac-
tion of Kanamori form [SU (2) symmetric interaction]. The
two bands represent two real combinations of the degenerate
d-shell orbital wave functions, i.e., dx2−y2 and d3z2−r2 . It can
be summarized as below,

H =U
∑

i$

ni$↑ni$↓ +
∑

i,σσ ′,$ &=$′

(U ′ − JHδσσ ′ )ni$σ ni$′σ ′

+ JH

∑

i,$ &=$′

(c†
i$↑c†

i$↓ci$′↓ci$′↑ + c†
i$↑c†

i$′↓ci$↓ci$′↑)

− t0
∑

〈i j〉$$′σ

eiφi j (t )c†
i$σ T̂ α

$$′c j$′σ , (6)

where JH is the Hund’s coupling and U ′ = U − 2JH . The sec-
ond term is the interorbital density-density interaction, and the
third term represents the pair hopping and Hund’s coupling,
respectively. The hopping matrices T̂ α’s are imposed by the
cubic lattice symmetry, with α = x, y, z determined by the
direction of the bond 〈i j〉. We solve the system again on a
Bethe lattice with three types of bonds to mimic the cubic
symmetry [30].

The ground state of (6) features an intertwined A-type
AFM spin order (FM planes align antiferromagnetically),
with order parameter Sz, and G-type antiferro-orbital order
(alternating orbital occupation in all directions), with order
parameter X3 = n1 − n2; here n1,2 are occupations of orbital
1 and 2, respectively. The spin and orbital ordering can be
explained with a superexchange mechanism in both spin and
orbital sectors, as described by the Kugel-Khomskii compass
model [69]. A sketch of the ordering is shown in Fig. 7(a).
X3 indicates the staggered polarization in orbital occupation
[70]. Under nonequilibrium excitations, real-time DMFT sim-
ulations indicate that the system can evolve into a hidden
phase with the ratio Sz/X3 distinct from any equilibrium states
[30], as will be discussed below. For comparison, we pick up
the parameters from Ref. [30], where U/t0 = 7, JH/U = 0.1
and equilibrium β = 100. Specifically, a single-cycle electric
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FIG. 1. (a) Spectral function A(ω) and occupied density of states
A<(ω) at µb = 5.4, which corresponds to the data point labeled
by the arrow in (b). The dashed green curve indicates the equilib-
rium (µb = 0.0, # = 0.05) spectral function for βeq = 100. The blue
curve shows the density of states of the baths, while their fillings
at µb = 5.4 are shown as shaded areas. Dashed black lines indicate
A(ω) fFD(ω), with a Fermi distribution fFD of inverse temperature
βeff = 7.7901 and chemical potential µ = µb. (b) Susceptibility of
both η and s-wave SC pairing as a function of double occupancy.
# = 0.05 and βb = 100. The equilibrium (d ∼ 0.01) is indicated by
the vertical dashed line.

low temperature due to the difficulty of precisely controlling
βeff in these regimes.

Close to the equilibrium half-filled state d ∼ 0 (d ≈ 0.01
for the shown parameters), we have also sketched the an-
tiferromagnetic phase, which is known to persist for weak
photodoping but is quickly destroyed due to the doublon
(hole) hopping processes [41–43]. (DMFT gives a stabil-
ity range of d ! 0.05 for the antiferromagnetic phase under
photodoping in the same model [35].) Apparently, the η-
pairing phase persists under photodoping over a much larger
doping range d as compared to antiferromagnetism.

A. The universality of photodoped η-paired phases

To explain the phenomenology, we first note that the
η-pairing order parameter can be expanded into three
pseudospin components spanning the charge-sector SU (2)
symmetry: η+

i = ηx
i + iηy

i = θid
†
i↑d†

i↓, η− = (η+)†, and ηz
i =

1
2 (ni − 1), where θi = ±1 on the two sublattices. The η-
pairing phase can then be explained by a superexchange
mechanism between the η pseudospins. In fact, for U & t0,
one can project out doublon-hole creation and recombina-

FIG. 2. Nonequilibrium phase diagram of the repulsive Hubbard
model at U = 8 under photodoping. The data points show the sus-
ceptibility χη along scans through the phase diagram, obtained by
varying the inverse temperature of the auxiliary bath at # = 0.05 and
different µb from βb = 100.0, 50.0, 33.3, 20.0, to 17.2. The phase
boundary is only schematic (χη ∼ 103) and a guide to the eye. The
negative temperature region is obtained from the positive one by
reflection. The region close to equilibrium does not extend to d = 0
but is limited by the double occupancy of the equilibrium state.

tion processes using a Schrieffer-Wolff transformation [26,44]
and obtain a two-liquid model where a doublon-hole liquid
with exchange interaction −

∑
〈i j〉 Jexηi · η j couples (through

doublon/holon hopping) to a singlon liquid with AFM ex-
change interaction

∑
〈i j〉 JexSi · S j . Specifically, the effective

Hamiltonian reads,

H eff = −
∑

〈i j〉
Jexηi · η j +

∑

〈i j〉
JexSi · S j

− t0
∑

〈i j〉σ
[P id

†
iσ d jσ P j + Pid

†
iσ d jσP j], (3)

which includes both exchange interactions and a hopping
term that “exchanges” the position of a pair of neighboring
doublons/holons and singlons. The operator Pi represents the
projection to the doublon-holon subspace of site i spanned
by |0〉 and |↑↓〉 and P̄ = 1 − P . This effective model is
a generalization of the t-J model, which is derived in the
Appendix. The two exchange interactions share the same cou-
pling constant Jex = 2t2

0 /U and thus are closely related. The
η-exchange interaction originates from a virtual process ex-
changing a neighboring doublon-hole pair, see the Appendix
for more details. This model therefore explains both the an-
tiferromagnetic phase at d ∼ 0 and the η pairing at d ∼ 0.5.
The above-mentioned universal photodoped state is, indeed,
rigorously defined by this model. A photodoped Mott insu-
lator is then characterized by a mixture of doublons/holons
carrying η-pseudopin and localized electrons carrying spin.
We further note that, in a chemically doped Mott insulator,
only one type of the charge excitations (doublon or holon)
exists and the η-exchange term −Jexη

+
i η−

j + H.c. vanishes.
Furthermore, a particle-hole transformation di↑ →

d̃i↑, di↓ → (−1)id̃†
i↓ maps charge to spin (ηi → S̃i) and
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▷ Transient state ≒ NESS

▷ NESS ß Effective temp + doping level description looks good 
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